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MULTIPLE OPERATOR INTEGRALS IN PERTURBATION THEORY 


V.V. PELLER 


Abstract. The purpose of this survey article is to give an introduction to double 
operator integrals and multiple operator integrals and to discuss various applications 
of such operator integrals in perturbation theory. We start with the Birman-Solomyak 
approach to define double operator integrals and consider applications in estimating 
operator differences f{A) — f{B) for self-adjoint operators A and B. Next, we present 
the Birman-Solomyak approach to the Lifshits-Krein trace formula that is based on 
double operator integrals. We study the class of operator Lipschitz functions, opera¬ 
tor differentiable functions, operator Holder functions, obtain Schatten-von Neumann 
estimates for operator differences. Finally, we consider in Chapter 1 estimates of func¬ 
tions of normal operators and functions of d-tuples of commuting self-adjoint operators 
under perturbations. 

In Chapter 2 we define multiple operator integrals in the case when the integrands 
belong to the integral projective tensor product of spaces. We consider applications 
of such multiple operator integrals to the problem of the existence of higher operator 
derivatives and to the problem of estimating higher operator differences. We also 
consider connections with trace formulae for functions of operators under perturbations 
of class Sm, m>2. 

In the last chapter we define Haagerup-like tensor products of the first kind and of 
the second kind and we use them to study functions of noncommuting self-adjoint op¬ 
erators under perturbation. We show that for functions / in the Besov class 
and for p € [1,2] we have a Lipschitz type estimate in the Schatten-von Neumann 
norm Sp for functions of pairs of noncommuting self-adjoint operators, but there is no 
such a Lipschitz type estimate in the norm of Sp with p > 2 as well as in the operator 
norm. We also use triple operator integrals to estimate the trace norms of commutators 
of functions of almost commuting self-adjoint operators and extend the Helton-Howe 
trace formula for arbitrary functions in the Besov space 5^ 
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1. Introduction 


In this survey article we study the role of double operator integrals and multiple 
operator integrals in perturbation theory. Double operator integrals appeared in the 
paper [DK] by Yu.L. Daletskii and S.G. Krein. In that paper they considered the problem 
of differentiating the operator-valued function 1 1 —)• f{A + tK), where A and K are self- 
adjoint operators on Hilbert space. They discovered the following formula that expresses 
the derivative in terms of double operator integrals: 


4(/(a + <a-)) 


^ALJMdEAixjKdEAiy) 


for sufficiently nice functions /. Here Ea stands for the spectral measure of A. 

That time there was no rigorous theory of double operator integrals. Such a theory 
was developed later by Birman and Solomyak in [BSl], [BS2] and [BS4]. 
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In general double operator integrals are expressions of the form 

II ^x,y)dEi{x)TdE2{y), 

where <I> is a measurable function, T is a linear operator, and Ei and E 2 are spectral 
measures on Hilbert space. 

The Birman-Solomyak approach allows one to dehne such integrals in the case when 
T is a Hilbert Schmidt operator and d* is an arbitrary bounded measurable function. 
This, in turn, permits us to define double operator integrals for arbitrary bounded linear 
operators T and for functions satisfying certain assumptions (such functions are called 
Schur multipliers). 

It turned out that double operator integrals play a very important role in perturbation 
theory. They appear naturally when estimating various norms of operator differences 
f{A) — f{B), where A is an unperturbed operator and H is a perturbed operator. In 
particular, double operator integrals are very helpful when studying the class of operator 
Lipsehitz functions, i.e., functions / on M, for which 

ll/(^) - /(^)ll < const ||H - B\\. (1.1) 

It turns out that if inequality (1.1) holds for all bounded self-adjoint operators A and 
B, then the same inequality holds for unbounded A and B once A — B is bounded. 

Roughly speaking, a functions / on M is operator Lipsehitz if and only if the divided 
difference {x, y) 1 —)■ ^ Schur multiplier. 

It is obvious that operator Lipsehitz functions / must be Lipsehitz, i.e., the inequality 
\f{x) — f{y)\ < const |x — y\ must hold for x, y G M. The question whether the converse 
is true was resolved in negative by Farforovskaya in [FI]. Later McIntosh [Me] and Kato 
[Ka] proved that the function x 1 —)■ jxj is not operator Lischitz. Then in [JW] it was 
shown that operator Lipsehitz functions must be differentiable everywhere on M (but not 
neeessarily eontinuously differentiable, see [KSh2]. Later in [Pe2] necessary conditions 
for operator Lipschitzness were found in terms of Besov spaces and Carleson measures 
(see also [Pe5]). 

In Chapter 1 we give an introduction to the theory of double operator integrals and de¬ 
fine and characterize the class of Schur multipliers. Then we consider various applications 
of double operator integrals in perturbation theory. Namely, we study operator Lips- 
chitz functions, operator Holder functions, operator differentiable functions. We obtain 
sharp estimates for Schatten-von Neumann norms of operator differences f{A) — f{B) 
for functions / in the Holder class Aq,(M). We present the Birman-Solomyak approach 
to the Lifshits-Krein trace formula that is based on double operator integrals. We also 
consider similar problems for functions of normal operators and for functions of m-tuples 
of commuting self-adjoint operators. 

In Chapter 2 we proceed to multiple operator integrals, i.e., expressions of the form 
^>(xi, X 2 , • • • , Xm) dEi{xi)Ti dE 2 {x 2 )T 2 ■ ■ ■ Tm-l dEm{Xm)- 

m 
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We follow the approach to multiple operator integrals given in [Pe8] and define such 
multiple operator integrals in the case when the integrand belongs to the (integral) 
projective tensor products of the spaces L°^{Ej), 1 < j < m. We use this approach 
to study the problem of the existence of higher operator derivatives of the function 
f I—7- f{A-\- tK) and express higher operator derivatives in terms of multiple operator 
integrals. We also use multiple operator integrals to obtain sharp estimates of higher 
operator differences 

j=o ^ ^ 

Finally, in the last section of Chapter 2 we apply multiple operator integrals to trace 
formulae for functions of self-adjoint operators of class Sm with m G Z, m > 2. 

An alternative approach to multiple operator integrals is given in [JTT], That ap¬ 
proach is based on the Haagerup tensor product of spaces. We define in Chapter 
3 triple operator integrals whose integrands belong to the Haaherup tensor product of 
three spaces. We study Schatten~von Neumann properties of such triple operator 
integrals and we see that their Schatten-von Neumann properties are not as nice as 
in the case of triple operator integrals with integrands in the integral projective tensor 
product. 

We are going to use triple operator integrals to estimate functions of pairs of noncom¬ 
muting self-adjoint operators under perturbation. It turns out that for our purposes none 
of the approaches based on the integral projective tensor product and on the Haagerup 
tensor product of L°° spaces works. We define new tensor products and call them 
Haagerup-like tensor products of the first kind and of the second kind. Then we define 
triple operator integrals with integrands in such Haagerup-like tensor products and use 
them to estimate the norms \\f{Ai,Bi) — f{A 2 ,B 2 )\\, where {A 2 ,B 2 ) is a perturbation 
of {Ai,Bi) and / is a function in the Besov space B]^ 

Note that functions f{A,B) for not necessarily commuting self-adjoint operators are 
defined as double operator integrals 

f{A,B) = jj f{x,y) dEA{x)dEB{y). 

We show that for p G [1,2], we have a Lipschitz type estimate in the Schatten-von 
Neumann norm Sp, but such Lipschitz type estimates do not hold in Sp with p > 2 as 
well as in the operator norm. We conclude the chapter with estimating commutators 
of almost commuting self-adjoint operators {A and B are called almost commuting is 
AB — BA G Si). Such estimates allow us to extend the Helton-Howe trace formula for 
arbitrary functions in the Besov class The results of the last chapter were 

obtained recently in [ANPl], [ANP2], [ANP3] and [AP9]. 

I am grateful to A.B. Aleksandrov for helpful remarks. 


2. Preliminaries 

In this section we collect necessary information on function spaces and operator ideals. 
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2.1. Besov classes of functions on Euclidean spaces and Littlewood—Paley 
type expansions. The technique of Littlewood-Paley type expansions of functions or 
distributions on Euclidean spaces is a very important tool in Harmonic Analysis. 

Let w be an infinitely differentiable function on M such that 


tc > 0, supptc C -,2 , and tc(s) = 1 — re for sG[1,2]. 


We define the functions Wn, n G Z, on by 


{^Wn){x)=W 


, leZ, X = (xi,-■ ■ ,Xd), Ikll =1^3:1 

Vi=i 


where ^ is the Fourier transform defined on by 


/ d 

f{x)e~'^'"’^'> dx, X = {xi,-■ ■ ,Xd), t = {ti,-■ ■ ,td), {x,t)‘^= '^Xjtj 

i=i 


Clearly, 

nGZ 

With each tempered distribution / G we associate the sequence {fn}n&z, 

fn / * Wn. (2.2) 

The formal series is a Littlewood-Paley type expansion of /. This series does 

not necessarily converge to /. Note that in this paper a signiheant role is played by the 
Besov spaces ^ (M*^) (see the definition below). For functions / G ^ (M*^), we have 

f{x) - f{y) = ^ {fn{x) - fniy)), X, y G 

nGZ 

and the series on the right converges uniformly. 

Initially we define the (homogeneous) Besov class Bp q(M'^), s > 0, 1 < p, q < oo, as 
the space of all / G ^'(M”) such that 

{2^^\\fn\\Lp}n& G i^Z) ( 2 . 3 ) 


and put 


def 
3“ — 

p,<i '' 


ln\\LP JnGZl 


According to this definition, the space Bp^{MF) contains all polynomials and all poly¬ 
nomials / satisfy the equality ||/||ss^ = 0. Moreover, the distribution / is determined 
by the sequence {fn}nez uniquely up to a polynomial. It is easy to see that the series 
Y^n>o fn converges in ^'(M'^). However, the series Yfn<ofn can diverge in general. It 
can easily be proved that the series 


n<0 ^ ^ j=l 
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converges uniformly on for every nonnegative integer r > s — d/p. Note that in the 
case (7 = 1 the series (2.4) converges uniformly, whenever r > s — d/p. 

Now we can define the modified (homogeneous) Besov class We say that a 

distribution / belongs to Bp ,j(M‘^) if (2.3) holds and 


dxY ■ ■ ■ dx/f 


E 


y/n 

dxY ■ ■ ■ dx/f ’ 


whenever rj > 0, 


for 1 < j < d, 


d 



i=i 


in the space o5^'(M'^), where r is the minimal nonnegative integer such that r > s — d/p 
(r > s—d/p if (7 = 1). Now the function / is determined uniquely by the sequence {/n}nez 
up to a polynomial of degree less than r, and a polynomial g belongs to if and 

only if deg (7 < r. 

In the case when p = q we use the notation Bp/U.'^) for Bpp/U.'^). 

Consider now the scale Aq,(M'^), a > 0, of Hdlder-Zygmund classes. They can be 

defined by Aq,(M'^) B^(R^). We need a description of Aq, in terms of convolutions 

with de la Vallee Poussin type kernel Vn- 

To define a de la Vallee Poussin type kernel Vn, we define the (7°° function u on M by 
u(x) = 1 for X G [—1,1] and u(x) = rc(||x||) if ||x|| > 1, (2.5) 

where w is the function defined by (2.1). We define Vn, n G Z, by 

^Vn{x) V ^ e Z, X G M'^'. 


In the definition of the classes Aq,(M‘^), a > 0, we can replace the condition ||/n||i,°° < 
const 2“"'“, n G Z, with the condition 


11/— / * 14||x,oo < const 2 n G Z. (2.6) 

In the case of Besov classes B/^^^i/W^) the functions /„, defined by (2.2) have the 
following properties: /„ G L°°(M‘^) and supp^/ C G : ||.^|| < 2”+^}. Such 

functions can be characterized by the following Paley-Wiener-Schwartz type theorem 
(see [R], Theorem 7.23 and exercise 15 of Chapter 7): 

Let f be a continuous function on and let M, a > 0. The following statements are 
equivalent: 

(i) I/I < M and supp^/ C {/ G : ||^|| < a}; 

(ii) f is a restriction to of an entire funetion on sueh that 

\f{z)\ < 

for all zGC^. 

Besov classes admit many other descriptions. We give here the definition in terms of 
finite differences. For /i G we define the difference operator A^, 

{Ahf)ix) = fix + h) - f{x), xGM"*. 

It is easy to see that Bf g(M.^) C for every s > 0 and C C(W^) for 

every s > d/p. Let s > 0 and let m be the integer such that m — 1 < s < m. The Besov 
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space -Bp g(R'^) can be defined as the set of functions / G such that 

[ \h\-'^-^i\\A^f\\%dh<oo for q < oo 

and 

WKfh^ . 

sup-f—- < oo tor q = oo. 

h^Q l^r 

However, with this dehnition the Besov space can contain polynomials of higher degree 
than in the case of the first dehnition given above. 

We refer the reader to [Pee] and [Tr] for more detailed information on Besov spaces. 

2.2. Besov classes of periodic functions. Studying periodic functions on is 
equivalent to studying functions on the d-dimensional torus T'^. To dehne Besov spaces 
on we consider a function w satisfying (2.1) and dehne the trigonometric polynomials 
Wn, n > 0, by 

M"n(C) = E ^ (f) ^o(C)= E 

where 

C = (Cl,--- ,Cd) e T"*, i = (ji,--- ,jd), and \j\ = [\jif-\ - 

For a distribution / on we put 

fn = f * Wn, n>0, 

and we say that / belongs the Besov class s > 0, 1 < p, g < oo, if 

(2.7) 

Note that locally the Besov space Hp g(R'^) coincides with the Besov space ^ of 
periodic functions on R'^. 

2.3. Operator ideals. For a bounded linear operator T on Hilbert space, we consider 
its singular values Sj{T), j > 0, 

Sj(r) =^nf{||T-i?|| : ranki?<j}. 

Let Sp, 0 < p < oo, be the Schatten-von Neumann class of operators T on Hilbert 
space such that 

(el*’’))’') <“■ 

This is a normed ideal for p > 1. The class Si is called trace class. For a linear operators 
T on a Hilbert space Jlf its trace is dehned by 

trace T ) ) 

j>o 

where {ej}j>o is an orthonormal basis in J^. The right-hand side does not depend on 
the choice of a basis. 
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The class 52 is called the Hilbert-Schmidt class. It is a Hilbert space with inner 
product 

(r,i?)s 2 =^trace(ri?*). 

For p G (l,oo), the dual space (Sp)* can be isometrically identified with Sp/ with 
respect to the pairing 

{T,R) =^trace(ri?). 

The dual space to Si can be identified with the space of bounded linear operators, 
while the dual space to the space of compact operators can be identified with Si with 
respect to the same pairing. 

We refer the reader to [GK] for detailed information on singular values and operator 
ideals. 


Chapter 1 


Applications of double operator integrals 
in perturbation theory 


In the first chapter we give an introduction to the theory of double operator integrals 
that was developed by Birman and Solomyak. We discuss the problem of a representation 
for operator differences f{A) — f{B) in terms of double operator integrals. This allows 
us to obtain necessary conditions and sufficient conditions for a function on the real 
line to be operator Lipschitz. In particular, we show that if / belongs to the Besov class 
i(K), then / is operator Lipschitz. It turns out that the same condition / G ^(M) 
is also sufficient for operator differentiability. Next, we present the Birman-Solomyak 
approach to the Lifshits-Krein trace formula. Their approach is based on double operator 
integrals. We also discuss Holder type estimates and Schatten-von Neumann estimates 
for operator differences. 

Finally, we consider perturbations of functions of normal operators and perturbations 
of functions of m-tuples of commuting self-adjoint operators. 


1.1. An introduction to double operator integrals 

Double operator integrals appeared in the paper [DK] by Daletskii and S.G. Krein. It 
was Birman and Solomyak who developed later the beautiful theory of double operator 
integrals in [BSl], [BS2], and [BS4]. 



Let {^,Ei) and (^^,£^ 2 ) be spaces with spectral measures Ei and £2 on a Hilbert 
space The idea of Birman and Solomyak is to define first double operator integrals 

J J ^x,y)dEi{x)TdE2{y) ( 1 . 1 . 1 ) 

for bounded measurable functions <1> and operators T of Hilbert Schmidt class 82 - Con¬ 
sider the spectral measure S whose values are orthogonal projections on the Hilbert 
space £ 2 ) which is defined by 


J’(Ax A)r = £i(A)r£2(A), £€£ 2 , 


A and A being measurable subsets of ^ and W. Obviously, left multiplication by £i(A) 
commutes with right multiplication by £ 2 (A). It was shown in [BS6] that S extends to 
a spectral measure on ^ x and if <1> is a bounded measurable function on x 'W^ 
by definition, 

IJ ^x,y)dEi{x)TdE2{y)= I j ^dAx. 


Clearly, 


^(x,y)dEx(x)T dE 2 {y) 


\x w 


< ll^>l 


ITI 


S 2 - 


S2 


If 


J J ^{x,y)dEi{x)TdE2{y) G Si 

X ^ 


for every T G £ 1 , we say that <h is a Schur multiplier of Si associated with the spectral 
measures £1 and £ 2 . 

To define double operator integrals of the form (1.1.1) for bounded linear operators 
T, we consider the transformer 


J J ^{y,x)dE 2 {y)QdEi{x), Q G Si, 

X 

and assume that the function (y, x) <h(y, x) is a Schur multiplier of £1 associated with 
£2 and El. 

In this case the transformer 

J J ^x,y)dEi{x)TdE 2 {y), T G S 2 , (1.1.2) 

X 9 

extends by duality to a bounded linear transformer on the space of bounded linear 
operators on and we say that the function <1> is a Schur multiplier (with respect to 
El and £ 2 ) of the space of bounded linear operators. We denote the space of such Schur 
multipliers by iM{Ei, E 2 ). The norm of <h in iM{Ei, E 2 ) is, by definition, the norm of 
the transformer (1.1.2) on the space of bounded linear operators. 

The function <h in (1.1.2) is called the integrand of the double operator integral. 
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Note that the term Schur multiplier in the context of double operator integrals was 
introduced in [Pe2]. This is a generalization of the notion of a matrix Schur multiplier. 
Indeed, consider the very special case when the Hilbert space is the sequence space 
and both spectral measures Ei and E 2 are defined on the cr-algebra of all subsets of Z_|_ 
as follows: Si (A) = S 2 (A) is the orthogonal projection onto the closed linear span of the 
vectors e^, n G A, where {en}n>o is the standard orthonormal basis of In this case 
a function <I> on Z_|_ x Z+ is a Schur multiplier if and only if the matrix {‘h(m, n)}m,n>o 
(for which we keep the notation <h) is a matrix Schur multiplier^ i.e., 

T = {tjk}j,k>o 

where B is the space of matrices that induce bounded linear operators on and <I> * T is 
the Hadamard-Schur product of the matrices <I> and T. Recall that the Hadamard-Schur 
product A-k B oi matrices A = {ajk}j^k>o and B = {6jfc}j,fc>o is defined by 

{Ak B^jj^ Ojkbjk, j, k G Z_|_. 

It is easy to see that if a function on x belongs to the projective tensor product 
{Ei)0L°°{E 2 ) of L°°{Ei) and L°°{E 2 ) (i.e., <h admits a representation 

n>0 

where tpn G L°°{Ei), ipn G L°°{E 2 ), and 

\\^n\\L°°Hn\\L°° < Oo), 

n>0 

then G iM{Ei, E 2 ). For such function <I> we have 

J j ^{x,y)dEi{x)TdE2{y) = ^ I J\pndEA T I J\pndE2 

More generally, ^ G dJl{Ei,E 2 ) if belongs to the integral projective tensor product 
L°^{Ei)®\L°^{E 2 ) of L°°{Ei) and L°°{E 2 ), i.e., <h admits a representation 



*^{x,y)= / ip{x,w)'ilj{y,w)dX{w), 


(1.1.3) 


where (fl, A) is a cr-finite measure space, is a measurable function on ^ x 0,, 'ip is a 
measurable function on x If, and 


/ \\V>{-,'w)\\Loo(^Ei)\\i’{-,w)\\L--{E2)dX{w) < 00 . 
Jn 


(1.1.4) 


If $ G L°^{Ei) 0 iL°^{E 2 ), then 

^{x,y)dEi{x)T dE 2 {y) = J 
x 9 n \s: 


ip{x,w) dEi{x^ T ip{y,w)dE 2 iy^ dX{w). 
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Clearly, the function 


tc I / (f{x,w) dEi{x)]T 


'ip{y,w) dE 2 {y) 


is weakly measurable and 


n 


ip{x,w)dEi{x) \ T ( J 'ilj{y,w) dE 2 {w) 




dX{w) < oo. 


It is easy to see that 

\\^\\miEi,E2) < ll‘^llL”(£;i)(g)iL°°(E2)’ 

where ||<h||£^oo^.^oo is, by definition, the infimum of the left-hand side of (1.1.4) over all 
representations of of the form 

It turns out that all Schur multipliers can be obtained in this way (see Theorem 1.1.1 
below). 

Another sufficient condition for a function to be a Schur multiplier can be stated in 
terms of the Haagerup tensor products of spaces. The Haagerup tensor product 
L°^{Ei)®\^L°^{E 2 ) can be defined as the space of functions ‘h of the form 


= '^ipn{x)'il)n{y), 


(1.1.5) 


n>0 


where (pn G T°°(i?i), ipn G L°°(E 2 ) and 

{pn}n>0 G L^^(l'^) and {'0n}n>o G 
The norm of ^ in L°°{Ei)®YlL°°{E 2 ) is defined as the infimum of 

II {V^n}n>0 II (£2^ ||{'0n}n>o||2^TO ^£2^ 
over all representations of of the form (1.1.5). Here 




n>0 


1/2 

L^{Ei) 


and ||{i/'n}n>o||£^g> (£ 2 ) 


n>0 


1/2 

L^{E 2 )' 


It can easily be verified that if <I> G L°°{Ei)®YiL°°{E 2 ), then <I> G iUl(i?i,£' 2 ) and 

ff ^x,y)dE^{x)TdE2{y) = Y,{ [ <^nd^i)T( f findE2). 

It is also easy to see that the series on the right converges in the weak operator topology 
and 

< \\^\\L°°iEi)iS>hL°^{E2)- 

As the following theorem says, the condition $ G L°°(Ei) 0^1 {E 2 ) is not only 

sufficient, but also necessary. 


Theorem 1.1.1. Let <I> 6e a measurable function on SE x'3^ and let y and v be positive 
measures on XX and LX that are mutually absolutely continuous with respect to Ei and 
E 2 . The following are equivalent: 

(i) ^em{E^,E2); 
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(ii) $ G L°^{Ei)®;L°^{E2 ); 

(iii) G L-(Ei)®h^°°(E2); 

(iv) there exist measurable functions cp on ^ x Q and if on '3^ x Q, such that (1.1.3) 
holds and 




f r 0 \ 

( / dX{w)] 


( / dX{w)] 

\Jn ) 


\Jn ) 


L^(E2) 


< oo; 


( 1 . 1 . 6 ) 


(v) if the integral operator /•-)•/ k{x,y)f{y) dv{y) from L^(z^) to L?‘{y) belongs to Si, 
then the same is true for the integral operator f f {x, y)k{x, y) f (y) dv{y). 


The implications (iv)^(i)<t4>(v) were established in [BS4]. In the case of matrix Schur 
multipliers the fact that (i) implies (ii) was proved in [Be]. We refer the reader to [Pe2] 
for the proof of the equivalence of (i), (ii), and (iv) and to [Pis] for the proof of the fact 
that (i) is equivalent to (iii). 

Suppose that and 5^2 are closed subsets of M. We denote by the space of 

functions that belong to “^{Ei, E 2 ) for arbitrary spectral measures Ei and E 2 such that 
suppE'i C 5'2 and supp £'2 C 5^2- 

It is well known (see [KShl] and [KSh3]) that if <I> is a continuous function on x 5^2 
and El and E 2 are Borel spectral measures such that suppi?i = 5^2 and suppill 2 = 5^2, 
then G 91l5i,j2 it and only if G 'iM{Ei,E 2 ). The same conclusion under the weaker 
assumption that is continuous in each variable was established in [AP5]. 

It is easy to see that conditions (i) - (iv) are also equivalent to the fact that <I> is a 
Schur multiplier of Si. It follows that if 3 is an operator ideal that is an interpolation 
ideal between the space of bounded linear operators and trace class Si and satisfies 
one of the conditions (i) - (iv), then $ is a Schur multiplier of 3, i.e., 

Te3 [ [ ^{x,y) dEi{x)T dE2{y) € 3. 


In particular, this is true when 3 is the Schatten-von Neumann class Sp, 1 < p < 00 . 

If 3 is a separable (symmetrically normed) operator ideal (see [GK]) , we say that 
a function <I> is a Schur multiplier of 3 if the transformer T 1 —)■ JJ ^ dEiT dE 2 defined 
on Si admits an extension to a bounded linear operator on 3. In the case when 3 is 
an operator ideal dual to separable, we can define Schur multiplier of 3 by duality. We 
denote the space of Schur multipliers of 3 with respect to Ei and E 2 by 9JIj(ilii, S 2 ). 

Consider now the case when Ei = E 2 = E and T G Si. It follows easily from Theorem 
1.1.1 that functions in the space 3yt{E, E) of Schur multipliers have traces on the diagonal 


i-G <I> 


{(x,x) 


X G 3E] 


and the traces of functions in ^{E,E) belong to L°°{E). 
The following useful fact was established in [BS4]. 


Theorem 1.1.2. Let E be a spectral measure and G Tl{E,E). Suppose thatT G Si. 
Then 


trace 


<I>(x, y) dE{x)T dE{y) 




(1.1.7) 
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where jj, is the signed measure defined by 

^(A) = trace (TE{A)). 

Proof. It follows easily from Theorem 1.1.1 that it suffices to establish formula (1-1.7) 
in the case ^{x,y) = (p{x)fi{y), (p, £ L°°{E). We have 

trace (ff ^{x,y)dE{x)TdE{y)) = trace (( [ pdE)T (f fidE 


= trace • \ dE ( / ip dE T 




1.2. A REPRESENTATION OF OPERATOR DIFFERENCES IN TERMS OF DOUBLE 

OPERATOR INTEGRALS 


In the paper [DK] by Daletskii and S.G. Krein under certain assumptions on a function 
/ on R the following formula was discovered: 

f{A)-f{B) = J J l^^MdEA{s){A-B)dEB{t) (1.2.1) 

K K 


for bounded self-adjoint operators A and B. Here Ea and Eb are the spectral measures 
of A and B. Later in Birman and Solomyak in [BS4] proved formula (1.2.1) in a much 
more general situation. 

Consider first the case when A — B belongs to the Hilbert-Schmidt class 82 - Suppose 
that / is a Lipschitz function on R, i.e., 

[/(■s) -/(i)l < const |s - t|, s,t£R, ||/||Lip =%up 

Consider the divided difference Df defined by 

o/)(M) = h£LlM, 

s — t 

It was established in [BS4] that in the case A — B £ 82 , formula (1.2.1) holds for 
arbitrary Lipschitz functions /. To understand the right-hand side of (1.2.1) for Lipschitz 

def 

functions, we have to define the divided difference T)f on the diagonal A = {(x,x) : 
X £ R}. It turns out that no matter how we can define T>/ on the diagonal, formula 
(1.2.1) holds. If / is differentiable, it is natural to assume that {Df){s,s) = f'{s). We 
can also define 'Sf to be zero on the diagonal. Put 


{^of){s,t) 


(®/)(sT), sfit, 

0 , 
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Theorem 1.2.1. Suppose that A and B are (not necessarily bounded) self-adjoint 
operators such that A — B G 82 - Let f be a bounded Borel function on such that 
f|R 2 \A =®/|m 2 \^- Then 

f{A) - f{B) = J J f(s, t) dEA{s){A - B) dEB{t). (1.2.2) 

R R 


Corollary 1.2.2. If A and B are self-adjoint operators such that A — B G 82 and f 
is a Lipschitz functions on M, then f{A) — f{B) G 82 and 

\\f{A)-f{B)\\s,<\\f\\uM-B\\s,. 

Proof. It suffices to put f = T>o/. ■ 

We refer the reader to [BS4] for the proof of Theorem 1.2.1. Here we prove an analog 
of Theorem 1.2.1 in the case when A — B is a bounded operator. 


Theorem 1.2.3. Suppose that A and B are (not necessarily bounded) self-adjoint 
operators such that the operator A — B is bounded. Let f be a function on such that 
f G TI{Ea, Eb) and f|]g2yA ~ ®-^Ir2\a' Then formula (1.2.2) holds and 

\\f{A)-f{B)\\<\\f\\m(E^,Es)\\A-B\\. 

Proof. Consider first the case when A an B are bounded operators. We have 
f{s,t)dEA{s)iA-B)dEB{t)= [[ f{s,t)dEA{s)AdEB{t) 


f(s, t) dEA{s)B dEB{t). 

It is easy to see from the definition of double operator integrals in the Hilbert-Schmidt 
case that 


and 


Thus 

JJ f{sA)dEA{s){A-B)dEB{t) = JJ{s-t)f{s,t)dEA{s)dEB{t). 

Clearly, (s — t)f{s,t) = f{s) — f{t) for all s, t G M. It follows that 
f{sA)dEA{s){A-B)dEB{t)= [[ f{s)dEA{s)dEB{t) 


f{s,t)dEAis)AdEB{t) = JJ sf{s,t)dEAis)dEBit) 

f{s,t)dEA{s)BdEB{t) = [[ tf{s,t)dEA{s)dEB{t). 


- jj fit) dEAis) dEBit) = fiA) - fiB). 

Suppose now that A and B are unbounded self-adjoint operators. 

Clearly, / must be a Lipschitz function. It follows easily that the domain of fiA) 
contains the domain of A and the same is true for the operator B. Hence, fiA) — fiB) 
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is a densely defined operator. Let ns prove that it extends to a bonnded operator and 
its extension (for which we keep the same notion f{A) — f{B)) satisfies (1.2.2). 
Consider the orthogonal projections 

=^i?A([-iV,lV]) and Qn = Eb{[-N,N]) 
and define bounded self-adjoint operators and by 

^[iv] = PnA and B[n] = QnB. 

Obviously, 


hm Pn( ff 

N^oo 

in the strong operator topology. 

On the other hand, it is easy to see that 


f{s,t)dEA{s){A-B)dEB{t)]QN 


f{s,t)dEA{s){A-B)dEB{t) 


P 


N 


fis,t)dEA{s){A-B)dEBit)]QN 


= Pn (^JJ f{s, t) dPA[jv] {s)iAN - Bn) dEB^j^^ (t)^ Qn 
= PN{fiA[N]) - fiB[N]))QN 

because equality (1.2.2) holds for bounded self-adjoint operators. It remains to observe 
that 

PN{f{AiN])-f{B[N]))QNX = PN{f{A)-f{B))QNX^{f{A)-f{B))x as N ^ oo 
for all vectors x in the dense subset |J^ Range Pb([—-^,-^])- B 

Remark 1. Suppose now that J is a separable (or dual to separable) operator ideal of 
equipped with a norm that makes it a Banach space. Let A and B be self-adjoint 
operators such that A — B £ 3 and let / be a Lipschitz function on R. As above one 
can show that if the divided difference 2>/ can be extended to the diagonal A and the 
resulting function f on R^ belongs to the space Tl^iEA, Eb) of Schur multipliers of 3, 
then formula (1.2.2) holds, 

f{A)-f{B)£3 and ||/(A) -/(P)|b < ||f|h 3 (E^,E,)P - i^lb- 
We refer the reader to [BS4] for more detail. 

Remark 2. Note also that the significance of formula (1.2.1) is in the fact that it 
allows us to linearize the nonlinear problem of estimating f{A) — f{B). Indeed, one can 
obtain desired estimates of f{A) — f{B) by studying properties of the linear transformer 

dEi{s)TdE2{t). 

Remark 3. Similar results hold for functions of unitary operators, see [BS4]. Analogs 
of the above results can also be obtained for analytic functions of contractions and of 
dissipative operators, see [Pe3], [Pe9] and [AP6]. However, in the case of contractions 
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and in the case of dissipative operators one has to consider double operator integrals 
with respect to semi-spectral measures. 

1.3. Commutators and quasicommutators 

In the previous section we have seen that operator differences f{A) — f{B) can be 
represented as double operator integrals with integrand equal to the divided difference 
'Df. Birman and Solomyak observed (see [BS7]) that similar formula hold for commuta¬ 
tors f{A)Q — Qf{A) and quasicommutators f{A)Q — Qf{B). The proof of the following 
result is practically the same as the proof of Theorem 1.2.3. 

Theorem 1.3.1. Suppose that A and B are (not necessarily bounded) self-adjoint 
operators and Q is a bounded linear operator such that the operator AQ — QB is bounded. 
Let f be a a function in OIIr^r such that = ®/|r2\a' quasicommutator 

f{A)Q — Qf{B) is bounded, 

f{A)Q-Qf{B) = j I f{s,t)dEA{s){AQ-QB)dEB{t) (1.3.1) 

K K 

and 

\\f{A)Q - QfiB)\\ < const IlfllOTK.KpQ - Q^ll- 

Note that in the special case A = B we obtain commutators f{A)Q — Qf{A), while 
in the special cade Q = I we obtain operator differences f{A) — f{B). 

Similar result holds in the case when AQ — QB belongs to the Hilbert Schmidt class 
or other operator ideals. 

In the rest of the paper we discuss in details estimates of f{A) — f{B). Practically 
all the results are also valid for commutators and quasicommutators though we are not 
going to dwell on them. 


1.4. Operator Lipschitz functions 

In § 1.2 we have observed that if / is a differentiable function on M such that the 
divided difference Tif belongs to the space of Schur multipliers 5!JIr,r, then / is operator 
Lipschitz. It turns out that the converse is also true. First of all, if / is an operator 
Lipschitz function on R, then / is differentiable everywhere on R which was established 
in [JW] (but not necessarily continuously differentiable: the function x i-)- x^sin(I/x) 
is operator Lipschitz, see [KSh2]). On the other hand, it was shown in [Pe2] (see also 
[Pe4]) that if / is a differentiable operator Lipschitz function, then Tif G S!?Ir,r. Similar 
results hold for functions on the unit circle. 

In this section we discuss some necessary conditions and sufficient conditions for a 
function to be operator Lipschitz. 

We start with necessary conditions for functions on the unit circle. The following 
result was established in [Pe2]. 
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Theorem 1.4.1. Let f be an operator Lipsehitz function on T. Then f belongs to 
the Besov class 

Proof. As we have discussed in § 1.2, the divided difference 

Q-r 

belongs to the space of Schur multipliers 501t,t- Trivially, this implies that the function 

belongs to OJTt.t- 

Consider the rank one operator P on L^(T) defined by 


{Ph){C)= [ h{T)dm{T). 

Jt 

By Theorem l.l.l, the integral operator Cf defined by 

(C/h)(C) = dm{T) 

belongs to trace class Si. An elementary calculation shows that 

Cfh = F.fh+-F+fh-, 

where P+ is the orthogonal projection from onto the Hardy class P_ is the 

orthogonal projection onto Plf Q h+ P+/i, and h- P_/i (see [Pe6], Ch. 

1, § 1). It is easy to see that both Hankel operators Hf and Hj belong to Si. Recall 
that the Hankel operator Hf : H^ —)■ H^ is defined hy Hf ip = P-/(/?. 

By the trace class criterion for Hankel operators [Pell (see also [Pe6l, Ch. 6, S 1), we 
find that / G Hj(T). ■ 

The following stronger necessary condition was also obtained in [Pe2] by using the 
trace class criterion for Hankel operators. 

Theorem 1.4.2. Let f be an operator Lipsehitz function on T. Then the Hankel 
operators Hf and Hj map the Hardy class H^ into the Besov space HJ(T). 

Note that Semmes observed (see the proof in [Pe3] that the Hankel operators Hf and 
Hj map H^ into H|(T) if and only if the measure p defined by 

dpic) = {\iuno\ + \i7+nc)\)dm2ic) 

is a Carleson measure on the unit disk D. 

Theorem 1.4.1 implies easily that a continuously differentiable function on T does not 
have to be operator Lipsehitz. Indeed, it follows from (2.7) that the lacunary Fourier 
coefficients of the derivative of a function / in H|(T) must satisfy the condition 

EiL2‘)I<°o. 

k>0 
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while it is well known that an arbitrary sequence in can be the sequence of lacunary 
coefficients of the derivative of a continuously differentiable function. 

The above results can be extended to functions on R. The analog of Theorem 1.4.1 
is that if / is an operator Lipschitz function on R, then / belongs to the Besov space 
B\ locally. An analog of Theorem 1.4.2 also holds as well as the characterization of the 
last necessary condition in terms of Carleson measures. We refer the reader to [Pe4] and 
[Pe3]. 

We proceed now to sufficient conditions for operator Lipschitzness. The following 
result was obtained in [Pe2]. 

Theorem 1.4.3. Let f be a function on T of Besov class Then f is operator 

Lipschitz. 


We give here an idea of the proof of Theorem 1.4.3. It is easy to see that it suffices to 
prove the following inequality: suppose that ip is an analytic polynomial (i.e., a polyno¬ 
mial of z) of degree m, then the norm of Tip in the projective tensor product C'(T)(8)C'(T) 
admits the following estimate: 


ll®V^llc(T)®c(T) < const m||(/?||c-(T)- (1-4.1) 

Note that the projective tensor product C'(T)(8)C'(T) can be defined in the same way as 
the projective tensor product of L°° spaces. 

It can easily be verified that 


{Tp){zi,Z 2 )= ^ p{j+ k + l)z{zl. 

j,fc>0 


Clearly, 


m—1 


^ p{j + k + l)zj4 = X] X] ^ikp{j + k + l)z{ 
j,k>0 k=0 \i>0 


^2 


m—1 


+ ^ I l^jkPU + k + 1 )Z 2 j z(, 
j=0 \k>0 


where 


Oijk — 


2 ’ 


j = k = 0, 


jik’ i ^ / 0) 


and I3jk = 


2 ’ 


j = k = 0, 


j+fc’ j + k^O. 


It can be shown that 


and 


'^ajkp{j + /c + l)z^ 
j>o 


< const ||v2||c(t) 

C(T) 


X] l^jkTU + + 1)^-^ 

k>0 


< const ||(/?||c(T) 

C(T) 
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(see [Pe2] and [Pe8] for details). This implies easily inequality (1.4.1). 

A similar fact holds for functions on M. The following result was obtained in [Pe8]. 

Theorem 1.4.4. If f belongs to the Besov class then f is an operator 

Lipschitz function on M. 


It follows from the definition of i(I^) (see (2.3)) that to prove Theorem 1.4.4, it 
suffices to establish the following fundamental inequality: 

< const o-||/IILOO (1.4.2) 

for an arbitrary bounded function / on M with Fourier transform supported in [—a, a]. 
Inequality (1-4.2) together with formula (1.2.1) implies that 

ll/(^) - /(-S)II < constcr||/||L°°||A - B\\ (1.4.3) 


for arbitrary self-adjoint operators A and B with bounded A — B and for an arbitrary 
function / in L°°(M) whose Fourier transform is supported in [—a, a]. In [AP4] it was 
shown that inequality (1.4.3) holds with constant 1 on the right. 

To prove inequality (1-4.2) we introduce the functions u > 0, whose Fourier trans¬ 
forms are defined by 


{^ru){s) 


1 , 


s\ < u, 
s\ > u. 


It is easy to show that Vu G L^(M) and ||rtj||Li < const. It follows that the function 1 — 
is the Fourier transform of finite signed measure. We denote this measure by We 
have 


{ 0, |s| < u, 

|s|-n I I ^ 

To prove inequality (1.4.2), we establish the following integral representation for the 
divided difference Df: 


Lemma 1.4.5. Let f be a bounded function on M whose Fourier transform has com¬ 
pact support in [0,oo). Then the following representation holds: 

(D/)(s,t)=i/' (/*//„)(s)e"‘^“e‘*“du-f i / (/*/r„)(t)e"‘*“e'®“ du. (1-4.4) 


To prove identity (1.4.4), we can first consider the special case when / is the Fourier 
transform of an function, in which case this is an elementary exercise, and then 
consider suitable approximation, see [Pe4] and [Pe8] for details. 


Corollary 1.4.6. Let f be a bounded function on M whose Fourier transform is sup¬ 
ported in [0,cj]. Then inequality (1.4.2) holds. 


Proof. Clearly, / * = 0 for u > a. Representation (1.4.4) gives us the following 

estimates: 


P/ll 





^*hu\\L^ du <2 


+ ||/*^’«||l”)'^^^ < const cj||/||l°°. ■ 
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To prove inequality (1.4.2) in the general case we represent / as the sum of 
fn = f* Wn (see (2.2)). Consider now the function {fn)+ whose Fourier transform 
is equal to XR+^fn- It remains to observe that ||(/n)+||L°° < const ||/n||L°°) see [Pe4] 
and [Pe8] for details. 

Proof of Theorem 1.4.4. By (1.4.2), we have 

IlS/lb*,* < < const ^2”||/n||L-, 

neZ neZ 

def 

where, as usual, fn = f* IPn. B 

Note that inequality (1.4.3) and its version for Schatten~von Neumann norms will play 
a very important role in Holder type inequalities, in Schatten-von Neumann estimates 
of operator differences, see Sections 1.7 and 1.8. 

To conclude the section, I would like to mention that similar results also hold for 
functions of contractions and functions of dissipative operators, see [Pe3], [KSh4] and 
[AP6]. 


1.5. Operator differentiable functions 

In the previous section we have shown that the condition / G i(I^) is sufficient for 
/ to be operator Lipschitz on M. It turns out that the same condition / G ^(M) is 
also sufficient for operator differentiability. 

Definition. A function / on M is called operator differentiable if the limit 

limt-i(/(A + tK)-/(A)) 

exists in the operator norm for an arbitrary self-adjoint operator A and an arbitrary 
bounded self-adjoint operator K. 

The following result can be found in [Pe4] and [Pe8]. 

Theorem 1.5.1. Let f be a funetion in -B^^^(M). Then f is operator differentiable 
and 

limt-\f{A + tK)-f{A))= f [ li^ll^Ji^dEA{sffKdEA{s2). (1.5.1) 

' JJ Si- S2 

whenever A is a self-adjoint operator and K is a bounded self-adjoint operator. 

Formula (1.5.1) is called the Daletskii-Krein formula. It was established in [DK] under 
considerably stronger assumptions. Later Birman and Solomyak proved in [BS4] formula 
(1.5.1) under less restrictive assumptions. 

Let me give an idea of the proof of Theorem 1.5.1. Under the hypotheses of the 
theorem, we have 

f{A + tK)- f{A) = t [[ lM^JMdEAffsi)KdEA{s2), 

JJ SI-S2 
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where '=^ A + tK (see § 1.2). To establish formula (1.5.1), we can represent the 
divided difference 'Df as an element of the integral projective tensor product 

= j (p^{si)ip^{s2)da{x), 

where ct is a cr-finite measure and 

j ||<^a;||L°°||V’a;||L“ da{x) < OO 


Moreover, the functions ipx satisfy the following: 

lim \\(px{A + tK) - (px{A)\\ = 0 

t—>-0 

for all X. This can be deduced easily from Lemma 1.4.5, see [Pe4] for details. 

We have 

dEAt{si)K dEAis2) = f (pxiAt)K'ipxiA)da{x). 

Si — S2 J 

Clearly, the above conditions easily imply that 

lim J ipx{At)K'4)x{A) da{x) = j (fx{A)Kilix{A) da{x) 

= [[ dEA{si)K dEA{s2) 

JJ S1-S2 

which implies (1.5.1). 

Remark 1. The problem of differentiability of the function t i—)■ f{A + tK) is the 
problem of the existence of the Gateaux derivative of the map K i—)■ f{A + K) — f{A) 
defined on the real space of bounded self-adjoint operators. We have proved that this map 
is differentiable in the sense of Gateaux for functions / in ^ (M). The reasoning given 
above allows one to prove that under the same assumptions this map is differentiable in 
the sense of Frechet and the differential of this map is the double operator integral 

[[ dEAisi)KdEA{s2). 

JJ S1-S2 



Remark 2. The above argument shows that under the hypotheses of Theorem 1.5.1, 
the function 1 1 —)■ f{At) is actually continuously differentiable in the operator norm. 

Finally, I would like to mention that similar results hold for functions of unitary 
operators, functions of contractions and functions of dissipative operators, see [Pe2], 
[Pe9] and [AP6]. In particular, in the case of functions of unitary operators we can 
consider the problem of differentiability of the function 1/(e^*"^C/), t G M, where / is 
a function on the unit circle T, t/ is a unitary operator and A is a bounded self-adjoint 
operator. It was proved in [Pe2] that under the assumption / G i(T), the function 
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t I—7- is differentiable in the operator norm and its derivative is equal to the 

following double operator integral: 


' (// dEuiOAdEuir)^ U. 


1.6. The Lifshits-Krein trace formula 

The notion of the spectral shift function was introduced be I.M. Lifshits in [L]. He 
discovered in that paper a trace formula for f{A) — f{B) where A is the initial operator 
and H is a perturbed operator that involves the spectral shift function. Later M.G. Krein 
in [Kr] generalized the trace formula to a considerably more general situation when A is 
an arbitrary self-adjoint operator and H is a trace class perturbation of A. 

Let T be a self-adjoint operator on Hilbert space and let H be a perturbed self-adjoint 
operator with A — B £ Si. It was shown in [Kr] that there exists a unique real function 
^ in L^(R) such that 

trace (/(H) -/(T)) = [ f'{.s)C{s)ds, (1.6.1) 

Jr 

whenever / is a differentiable function on M whose derivative is the Fourier transform of 
an function. The function ^ is called the spectral shift function associated with the 
pair {A, B). 

Moreover, it was shown in [Kr] that under the same assumptions 

||.^||x,i = ||H — and f ^(s) ds = trace(H — T). 

Jr 

The right-hand side of formula (1.6.1) is well defined for an arbitrary Lipschitz function 
/. Krein asked in [Kr] whether formula (1.6.1) holds for an arbitrary Lipschitz function 
/. It turns out, however, that the Lipschitzness of / does not imply that the operator 
f{A) — f{B) £ Si whenever A — B £ Si. This was first observed in [F2]. 

On the other hand, it can be shown that a function / preserves trace class perturba¬ 
tions, i.e., 

A-B£Si f{A)-f{B)£Si (1.6.2) 

if and only if / is operator Lipschitz (the operators A and B do not have to be bounded). 
This implies that the necessary conditions for operator Lipschitzness mentioned in § 1.4 
are also necessary for property (1.6.2). 

On the other hand, it was proved in [Pe4] that the condition / £ B^ i(I^) sufficient 
for operator Lipschitzness (see § 1.4) is also sufficient for trace formula (1.6.1) to hold. 

In this section we use the Birman-Solomyak approach [BS3] that is based on double 
operator integrals. Actually, their approach allows to prove the existence of a finite real 
signed Borel measure u such that 

trace (/(A) -/(H)) = /" f'{s)du{s), and ||u|| < ||T||s^ (1.6.3) 

Jr 
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for sufficiently nice functions /. It follows from the results of [Kr] that v is absolutely 
continuous with respect to Lebesgue measure and dv = ^ dm, where ^ is the spectral 
shift function. Moreover, we combine the Birman-Solomyak approach with the obser¬ 
vation that for / G the function t e-)- f{A + t{B — A)), t G M, is continuously 

differentiable in the trace norm (this can be proved in the same way as Theorem 1.5.1) 
and the Daletskii-Krein formula holds for the derivative of this operator function. This 
allows us to prove the following extension of the Birman-Solomyak result: 

Theorem 1.6.1. Let A and B be self-adjoint operators on Hilbert space such that 
B — A ^ Si. Then there exists a real signed Borel measure v On'S, such that formula 
(1.6.3) holds for an arbitrary function f in i(lK). 

Recall that under the hypotheses of the theorem f{A) — f{B) G Si. 

Hpf 

Proof. Put At = A + t{B — A). Then the function t e-)- f{At) is differentiable in the 
trace norm and 

= II- A)dEAM. 

This can be proved in exactly the same way as Theorem 1.5.1. 

Since X>/ is a Schur multiplier (see § 1.4), it follows that 

I! {T>f){si,S2)dEA,,{si){B - A)dEAM G 


By Theorem 1.1.2 , we have 

trace f [[ (T) f){si, S 2 ) dEA,,isi){B - A) dEA,,{s 2 )] = [ f{s) duuis) 


where the signed measure Ug is dehned on the Borels sets by 

t'„(A) = trace {Ea„{A)T). 

Clearly, ||r',,|| < ||T||si. 

It is easy to verify that 


trace {f{A) - f{B)) = I trace {^f{^ 
where the signed measure u is defined by 


t) du = 

t=U J 


f'{s)dv{s), 


V = I r',, du. 


Note that the function u 1 —)■ r'u is continuous in the space of measures equipped with the 
weak-* topology, and so integration makes sense. Clearly, ||z/|| < ||T|| 5 j. ■ 

We have already mentioned that du = dm, where ^ is the spectral shift function. 
This implies the following extension of the Krein theorem. 


Theorem 1.6.2. Let A and B be self-adjoint operators such that B—A G Si. Suppose 
that f G i?^_^(]R). Then trace formula (1.6.1) holds. 

The original proof of Theorem 1.6.2 by a different method was obtained in [Pe4]. 
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1.7. Operator Holder functions. Arbitrary moduli of continuity 


In this section we obtain norm estimates for /(A) — f{B), where A and B are self- 
adjoint operators and / is a Holder function of order a, 0 < a < 1. Then we consider the 
more general problem of estimating f{A) — f{B) in terms of the modulus of continuity 
of /. 

By analogy with the notion of operator Lipschitz functions. We say that a function / 
on M is operator Holder of order a, 0 < a < 1, if 

||/(A)-/(H)|| < const ||A-H|r. 

The problem of whether a Holder function of order a. (recall that the class of such 
functions is denoted by Aq,(M), see § 2) is necessarily operator Holder of order a remained 
open for 40 years and it was solved in [API] (see also [AP2] for a detailed presentation). 
The solution is given by the following theorem; 

Theorem 1.7.1. Let a G (0,1). Then 

ll/(A) - f{B)\\ < const(l - a)~^\\A - H||“, 

whenever A and B are self-adjoint operators with bounded A — B. 

Thus the term “an operator Holder function of order a” turns out to be short-lived. 
We prove here Theorem 1.7.1 for bounded self-adjoint operators and refer the reader 
to [AP4] for details how to treat the case of unbounded operators. 

Proof of Theorem 1.7.1. Let N be an integer. Then f{A) — f{B) admits a 
representation 

N 

f{A)-f{B)= ^ {f^(A)-fn{B)) + {if - f *VN)iA)-{f - f *VN)iB)) (1.7.1) 

n=—oo 

and the series converges absolutely in the operator norm. Here fn = f* hhn (see (2.2)) 
and V]\f is the de la Vallee Poussin type kernel defined by (2.5). Suppose that M < N. 
It is easy to see that 

/ N 

/(A)-/(H)- ^ (^f^^A)-fn{B)) + {{f-f*VN){A)-{f-f*VN){B)) 

Vn=M+I 

= if *Vm){A) - if *Vm){B). 

Clearly, the Fourier transform of f * Vm is is supported in [ — 2-^+^, 2^"*“^]. Thus it 
follows from fundamental inequality (1.4.3) that for M < 0, 

||(/ * Vm){A) - (/ * Vm){B)\\ < const 2^11/ * Vm||l-||A - H|| 

< const 2^11/* Vo||l°° ||A — Hjj0 as M ^—oo. 
Suppose now that N is the integer satisfying 

2"^ < ||A-H|| < 2"^+^ 
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By (2.6), we have 

II (/ - / * VN)iA) -(/-/* Fw)(i?)|| < 211/ - / * VnWl^ 


< const ||/||a„(ir)2 < const ||/||a„(ir) P - ^11". 

On the other hand, it follows from fundamental inequality (1.4.3) and from (2.3) that 


N 


N 


\\fn{A) - fniB)\\ < const Y 2”||/n||L->|P--B 


N 

< const Y 2”2"’"“||/||a„(r)|P-.B 

n=—oo 


= const 2 ^( 1 -“) 2 -^( 1 -“) ||/||a„(m)P - B 

k>0 


= const 2^(^ “)(1 - a)||/||A„(R)|P - .B|| 

< const(l-a)||/||A„(R)|p-S|r. ■ 

Suppose now that uj is an arbitrary modulus of continuity, i.e., w is a continuous 
nondecreasing function on [0,oo) such that w(s + t) < cj(s)+cj(t), s,t>0 andti;(0) = 0. 
We associate with uj the function w* defined by 


, , uj{t) , r ^{sx) , 

ojAx) = X j — 7^ dt = / — 77 —as, 

Jx i Ji s 


X > 0. 


It is easy to see that if a;*(x) < oo for some x > 0, then a;*(x) < oo for all x > 0 in which 
case a;* is also a modulus of continuity. 

The following result was obtained in [API] and [AP2]. 

Theorem 1.7.2. Let uj be a modulus of continuity. Then 

ll/(P - /(-S)II < consta;*(l|A - ^11) 

for arbitrary self-adjoint operators A and B with bounded A — B. 


The proof of Theorem 1.7.2 is similar to the proof of Theorem 1.7.1. 

Slightly weaker results were obtained independently in [FN2]. 

Theorem 1.7.2 implies the following result proved in [AP2]; 

Corollary 1.7.3. Suppose that A and B be self-adjoint operators with spectra in an 
interval [a, b]. Then for a continuous function f on [a, b] the following inequality holds: 

\\f{A) - f{B)\\ < const log (^e w/(||A - B\\). 

Theorem 1.7.3 improves earlier estimates obtained in [F3]. 

We refer the reader to [APS] for more detailed information and more sophisticated 
estimates of f{A) — f{B). 
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Note that similar results hold for functions of unitary operators, contractions and 
dissipative operators, see [AP2] and [AP6]. 

1.8. SCHATTEN-VON NEUMANN ESTIMATES OF OPERATOR DIFFERENCES 

In this section we list several results on estimates of the norms of f{A) — f{B) in 
operator ideals and, in particular, in Schatten-von Neumann classes. 

Fundamental inequality (1.4.2) together with formula (1.2.1) allows us to use Mitya- 
gin’s interpolation theorem [Mi] to generalize and generalize inequality (1.4.3) to arbi¬ 
trary separable (or dual to separable) ideals 

ll/(^) - /(^)lb < constcr||/||Loc||A - Bjja (1.8.1) 

for arbitrary self-adjoint operators A and B with bounded A — B and for an arbitrary 
bounded function / on M whose Fourier transform is supported in [—cr, a]. 

In particular, inequality (1.8.1) holds in the case 3 = Sp, p > 1. 

This implies the following result (see [Pe2] and [Pe4]). 

Theorem 1.8.1. Let 3 he a separable (symmetrically normed) operator ideal or an 
operator ideal dual to separable and let f be a function in the Besov class i?jbi(l^)- 
Suppose that A and B are self-adjoint operators such that A—B G 3. Then f{A)—f{B) G 
3 and 

||/(A)-/(i?)|b< const ll/bi J|A-B|b. 

00,1 

In the case when 3 = Sp, 1 < p < oo. Theorem (1.8.1) was improved significantly in 

[?]: 

Theorem 1.8.2. Let 1 < p < oo and let f be a Lipschitz function on M. Suppose that 
A and B are self-adjoint operators such that A — B G Sp. Then f{A) — f{B) G Sp and 

\\f{A)-f{B)\\s^<Cp\\f\\uM-B\\s„ 
where Cp is a positive number that depends only on p. 

We proceed now to estimating Schatten-von Neumann norms of f{A) — f{B) for 
functions / in the Holder class Aq(R), 0 < a < 1. For a nonnegative integer I and for 
p > 1, we define the following norm on the space of bounded linear operators on Hilbert 
space: 

ii’’iisb= (egt))” 

\j=0 

where Sj{T) is the jth singular value of T. 

The following result obtained in [AP3] is crucial. 

Theorem 1.8.3. Let 0 < a < 1. Then there exists a positive number c > 0 such that 
for every I >0, p G [l,oo), / G Aa(M), and for arbitrary self-adjoint operators A and B 
on Hilbert space with bounded A — B, the following inequality holds: 

Sj(f{A) - /(B)) < c||/||a.|„(1 + B||», 
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for every j <1. 


Proof. Put fn = f* Wn, n G Z, and fix an integer N. We have by (1.8.1) and (2.3), 

N N 

E {fn{A)-fn{B)) < ^ ||/„(^)-/„(i?)||^, 

n=—oo cl n=—oo 

ijp 

N 

< const ^ 2'^\\fn\\L<=°\\A- B\\gi^ 

n=—oo 

N 

< const ||/||a„(m) 

n=—oo 

< const 2 ^(^"“)||/||a„(r)P - B\\gi^. 

On the other hand, 

Y ifniA) - fn{B)) <2Y\\fn\\L^ 
n>N n>N 

< const II/IIA,(R) Y - const2“^“||/||A„(R). 

n>N 

Put 

N 

Rn= Y {fn{A)-fn{B)) and Qjv = (/n(^) - /n(i3)). 

n=—oo n>N 

Clearly, for j < I, 

- f(B)) < s,(Rf,) + IIQnII < (1 +i)-‘/P||/(^) _ /(B)ll^, + ||Q„|| 

< const ((1 - fills , + 2 -"“||/| U ,(„) . 

To obtain the desired estimate, it suffices to choose the number N so that 
2"^ < (l+/)"^/^’||yl-S|L; < 2“^+^ ■ 

iJp 

The following result can be deduced from Theorem 1.8.3. We refer the reader to [AP3] 
for details. 

Theorem 1.8.4. Let 0 < a < 1 and 1 < p < oo and let f G Aq,(M). Supposed that A 
and B are self-adjoint operators such that A — B ^ Sp. Then the operator f{A) — f{B) 
belongs to Spi^ and 

\\f{A) - f{B)\\^^^^ < c^,p ||/||a„(m)P - 

where Ca,p depends only on a and p. 
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Note that for p = 1, the conclusion of Theorem 1.8.4 does not hold, see [AP3]. The 
example given in [APS] is based on the Sp criterion for Hankel operators, see [Pel] and 
[Pe6]. 

Nevertheless, the conclusion of Theorem 1.8.4 can be obtained under stronger assump¬ 
tions on /. The following result was obtained in [APS]. 

Theorem 1.8.5. Let 0 < a < 1 and let f be a function in the Besov class 
Supposed that A and B are self-adjoint operators such that A — B G Si. Then the 
operator f{A) — f{B) belongs to Si/a and 

\\f{A) - f{B)\\^^^^ < c„ ||/b« A«)ll^ - ^llsr 

where Ca depends only on a. 

Note that in [APS] the above results were generalized to the case of considerably more 
general operator ideals. 

Remark. As before, I would like to mention that similar results hold for functions of 
unitary operators, contractions and dissipative operators, see [APS] and [AP6]. 

1.9. Functions of normal operators 

We proceed now to the study of functions of normal operators under perturbation. 
The results of this section were obtained in [APPS]. Earlier weaker results were obtained 
in [FNl]. 

The spectral theorem allows us to define functions of a normal operator as integrals 
with respect to its spectral measure: 

f{N)= [ CdEMiO- 

Jc 

Here is a normal operator and is its spectral measure. 

We are going to study estimates of /(W) — fi^ 2 ) in terms of Ni — N 2 . 

As in the case of functions of self-adjoint operators we can consider the divided dif¬ 
ference 

(s/)(Ci,C2) = Cl, C2 G c. 

Cl - C2 

and prove the formula 

fiNi)-f{N2) = ll{^f){Ci,C2)dEi{Ci){Ni-N2)dE2{C2), (1.9.1) 

whenever A^i and N 2 are normal operators with Ni — N 2 G S 2 and / is a Lipschitz 
function. Again, it does not matter how we define T)f on the diagonal of C x C. 

If / is a function on C such that the divided difference T)f can be extended to the 
diagonal and the extension belongs to the space of Schur multipliers 91tc,C, then formula 
(1.9.1) as soon as Ni and N 2 are normal operators with bounded difference. Moreover, 
such functions are necessarily operator Lipschitz, i.e., 

||/(W)-/(A'2)|| < const ||iVi-iV2||. 
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The trouble is that such functions are necessarily linear which follows from the results 
of [JW]. 

In [APPS] we used the following representation for f{Ni) — f{N 2 )'. 

/(iVi) -/(iVa) = Jl {j)yf){z,,Z2)dE,{zi){B,-B2)dE2{z2) 

C2 


+ 


{T>xf)izi, Z 2 ) dEi{zi){Ai - A 2 )dE 2 {z 2 ), 


(1.9.2) 


C2 


where 

Aj = KeNj, Bj = ImNj, Xj = Kezj, yj = Imzj, j = 1, 2, 
and the divided differences T>xf and Dyf are defined by 




Xi - X2 


and 




Zi, Z2 G C, 


Zi, Z2 ^ C. 


yi - y2 

It was established in [APPS] that for a function / in the Besov class B^ both 

divided differences Dxf and Dyf belong to the space of Schur multipliers 9JIc,c- This 
follows from the following analog of fundamental inequality (1.4.2). 

Theorem 1.9.1. Let f be a bounded funetion on whose Fourier transform is 
supported in \—a,a] x \—a,a]. Then both Dxf and Dyf are Sehur multipliers and 

\\^xf\\mc,c + \\^yf\\mc,c ^ const a||/||Loc (1.9.3) 

The proof of Theorem 1.9.1 is based on the following lemma whose proved can be 
found in [APPS]. 

Lemma 1.9.2. Let f be a bounded funetion on M whose Fourier transform is supported 
in [—a, a\. Then 


fix) - fiy) 


x-y 




fix)-fi'Kna sm.{ay - Tin) 


Moreover, 


E 


\f{x)-f{7ma 
(ax — 7rn)2 


<311/Iii 


ax — vrn 


and 

nEZ 


ay — nn 


sin^ ay 
[ay — Trn)'^ 


= 1, x, y gR. (1.9.4) 


Proof of Theorem 1.9.1. Clearly, it suffices to consider the case a = 1. By Lemma 
1.9.2, we have 

(D f)izi Z 2 ) = ~ /(^2,?/2) ^ /(7rra,y2) - fix2,y2) _ sin(xi - 7rn) 

^ ^ ' xi — X 2 ^ vrn — X 2 xi — vrn 

neZ 


and 
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fixi,yi) - f{xi,y 2 ) 


E 

nEZ 

E 

nEZ 


and 



yi 

- y2 

.9.2, 

we have 

\f{xi,yi) - 

/(xi,7rn)p 


(yi - 

vrn)^ 

|/(vrn,2/2) - 

- /(x2,y2)P 


(vrn - 

- X2)2 


sin^(xi — nvr 


nEZ 

(xi — 7rn)2 


E 

n^’L 


f{xi,yi)-f{xi,Tm) sin(y 2 -vrn) 


yi — 7rn 


y2 - T^n 


<3||/(xi,.)|lioo(^)<3||/||i 

<3||/(-,2/2)|lioo«)<3||/||i, 


00 (c)) 

°°(C)’ 


^ sin^(j /2 - utt) ^ ^ 


nGZ 


( 2/2 - 7rn)2 


It remains to observe that (1.9.4) give us desired estimates of the norm of ^xf and ^yf 
in the Haagerup tensor product L°°(8)hL°°. The result follows nor from Theorem 1.1.1. 


Theorem 1.9.1 implies the following result: 

Theorem 1.9.3. Let f G Then both T)xf and T>yf belong to 931c,C and 

||Sx/lbc,c + ll® 2 //lbc,c ^ const cj||/||b^^^. 

Moreover, if Ni and N 2 are normal operators with bounded N 1 — N 2 , then formula (1.9.2) 
holds and 

||/(iVi) - /(iV 2 )|| < const ll/ll^i IliVi - N 2 \\. 

00,1 

In other words, if / G i(lK^)) then / is an operator Lipschitz function. 

To prove that T)xf, ^yf G 931c,C; h suffices to apply Theorem 1.9.1 to each function 
/ * Wn (see (2.3)). Formula (1.9.2) can be proved by analogy with the proof of formula 
(1.2.1) for functions of self-adjoint operators. The operator Lipschitzness of / follows 
immediately from formula (1.9.2). We refer the reader to [APPS] for details. 

As in the case of functions of self-adjoint operators, fundamental inequality (1.9.3) 
allows us to establish for functions of perturbed normal operators analogs of all the 
results of Sections 1.4-1.8 except for Theorem 1.8.2. In particular, a Holder function of 
order a, 0 < a < 1, on must be operator Holder of order a. An analog of Theorem 
1.8.2 was obtained in [KPSS]. 

We refer the reader to [AP8] for more results on estimates of operator differences and 
quasicommutators for functions of normal operators. 


1.10. Functions of commuting self-adjoint operators 


In the previous section we considered the behavior of functions of normal operators 
under perturbation. This is equivalent to considering functions of pairs of commuting 
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self-adjoint operators. Indeed, if is a normal operator, then HeN and ImiV are 
commuting self-adjoint operators. On the other hand, if A and B are commuting self- 
adjoint operators, then A + \B is a normal operator. 

In this section we are going to study functions of d-tuples of commuting self-adjoint 
operators. It is natural to try to use the approach for functions of normal operators that 
has been used in the previous section. However, it turns out that it does not work for 
d>3. 

Indeed, a natural analog of formula 1.9.2 for functions of triple of commuting self- 
adjoint operators would be the following formula: 


f{A,,A 2 ,As) - f{Bi,B 2 ,Bs) = jj {^if ){x,y) dEA{x){A, - B,)dEB{y) 

+ JJ{^ 2 f ){x,y) dEA{x){A 2 - B 2 )dEB{y) 


+ ll{^3f){x,y)dEA{x){As-Bs)dEB{y), ( 1 . 10 . 1 ) 

where 

.w X f{xi,X2,xs) - f{yi,X2,xs) f{yi,X2,xs) - f{yi,y2,xs) 

Di/ (x, 2 / =-, {D 2 f)[x,y) = -, 

xi - 2/1 X2- 2/2 


(D3/)(x,2/) 


f{yi,y2,X3) - /(2/l,2/2,2/3) 
X3 - 2/3 


X = {xi,X2,X3), 2/ = ( 2 / 1 , 2/2, 2 / 3 ), 


and Ea and Eb are the joint spectral measures of the triples {Ai, A 2 , A 3 ) and (Hi, H 2 , B 3 ) 
on the Euclidean space 

It can easily be shown that (1.10.1) holds if the functions Dif, 02 /, and £> 3 / belong to 
the space of Schur multipliers 9 JI]r 3 r 3 which would imply that / is an operator Lipschitz 
function. 

The methods of [APPS] that were outlined in § 1.9 allow us to prove that if / is a 
bounded function on with compactly supported Fourier transform, then Dif and 
Dsf do belong to the space of Schur multipliers 9 JI]r 3 r 3 . However, it turns out that the 
function 1 ) 2 / does not have to be in 9 JI]r 3 ]r 3 , and so formula ( 1 . 10 . 1 ) cannot be used 
to prove that bounded functions on with compactly supported Fourier transform 
must be operator Lipschitz. This was established in [NP] where the following result was 
proved; 


Theorem 1.10.1. Suppose that g is a bounded continuous function on M such that the 
Fourier transform of g has compact support and is not a measure. Let f he the function 
on defined by 

f{xi,X2,X3)=g{xi-X3)smX2, Xi,X 2 , X 3 GM. ( 1 . 10 . 2 ) 

Then f is a bounded funetion on whose Fourier transform has eompaet support, but 
S2/0 9JIk3k3. 
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To construct a function g satisfying the hypothesis of Theorem 1.10.1, one can take, 
for example, the function g defined by 

px 

g{x) = / x G M. 

Jo 

Obviously, g is bounded and its Fourier transform ^g satisfies the equality: 

i^gm = J 

for a nonzero constant c and sufficiently small positive t. It is easy to see that this implies 
that ^g is not a measure. 

Nevertheless, it was proved in [NP] by a different method that functions in the Besov 
class are operator Lipschitz in the sense that 

,Ad) - ,Bd) < const max \\Aj - Bj\\. 

l<j<d 

The following result proved in [NP] plays the same role as fundamental inequality 
(1.4.2) in the case of functions of one self-adjoint operator. 

Lemma 1.10.2. Let f be a bounded function on whose Fourier transform is sup¬ 
ported in [—O', cj]^. Then there are Schur multipliers 1 < J < d, sueh that 

< const cj||/||loc 

and 

d 

/(xi,-- - ,Xd) - fivi,--- ,yd) = ^{Xj -yj)^j{xi,--- ,Xd,yi,--- ,yd)- 

i=i 


Lemma 1.10.2 implies the following result (see [NP]) that considerably improves earlier 
estimates obtained in [F4]. 

Theorem 1.10.3. Let f be a function in the Besov class i(I^‘^)- Then there are 
Schur multipliers 1 < j < d, sueh that 

< const cj 11/ 11 ^ 1 ^ 

and 


oo, 1 


f{xi,--- ,Xd) - f{yi,--- ,yd) = '^{Xj -yj)^j{xi,--- ,Xd,yi,--- , 2 /d)- 

i=i 

If (yli,-- - ,Ad) and {Bi,--- ,Bd) are d-tuples of eommuting self-adjoint operators, 
then 

f{Ai,--- ,Ad)-f{Bi,--- ,Bd) = Y,[J <I>,{x,y)dEA{x){A, - B,)dEB{y), 

i=i 


where Ea and Eb are the joint speetral measures of the {Ai, • • • , Ad) and {Bi, • • • , Bd). 
Corollary 1.10.4. Let f G i(lK^)- Then f is operator Lipschitz. 
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Lemma 1.10.2 allows us to obtain analogs of all the results of Sections 1.4-1.8 except 
for Theorem 1.8.2. An analog of Theorem 1.8.2 for d-tuples of commuting self-adjoint 
operators was obtained in [KPSS]. 

Chapter 2 

Multiple operator integrals with integrands in projective 
tensor products and their applications 

Multiple operator integrals were considered by several mathematicians, see [Pa], [St]. 
However, those definitions required very strong restrictions on the classes of functions 
that can be integrated. In [Pe8] multiple operator integrals were defined for functions 
that belong to the (integral) projective tensor product of L°° spaces. Later in [JTT] 
multiple operator integrals were defined for Haagerup tensor products of L°° spaces. 

In this chapter we consider applications of multiple operator integrals with integrands 
in the integral projective tensor product of spaces. Such multiple operator integrals 
have nice Schatten-von Neumann properties. In Chapter 3 we shall see that multiple 
operator integrals with integrands in the Haagerup tensor product of L°° spaces do not 
possess such properties. 

We consider in this chapter applications of multiple operator integrals to higher opera¬ 
tor derivatives and estimates of higher operator differences. We also consider connections 
between multiple operator integrals and trace formulae for perturbations of class Sm, 
where m is positive integer greater than 1. 

2.1. A BRIEF INTRODUCTION TO MULTIPLE OPERATOR INTEGRALS 

Multiple operator integrals are expressions of the form 

4'(xi,X 2, • • • ,Xm) dEi{xi)Ti dE-2{x2)T2 ■ • -Tm-i dEm{Xm)- 

Here Ei, - ■ ■ , Em are spectral measures on Hilbert space, 'L is a measurable function, and 
Ti,--- ,Tm-i are bounded linear operators on Hilbert space. The function T is called 
the integrand of the multiple operator integral. 

For m > 3, the Birman-Solomyak approach to double operator integrals does not 
work. In [Pe8] multiple operator integrals were defined for functions ^ that belong to 
the integral projeetive tensor product L°°{Ei)^i ■ ■ ■®\L^{Em)- It consists of functions 
T of the form 

T(xi, • • • ,Xm) = / ipi{xi,uj)(p2{x2,uj)---(pm{xm,^^)da{u:), 

Jn 
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( 2 . 1 . 1 ) 



where " > ‘^m are measurable functions such that 




i{-,^)\\l^{e^) < oo. ( 2 . 1 . 2 ) 


If belongs to L°°{Ei) 0 [ ■ ■ ■ 0iL°°(Em), clearly, a representation of 'h in the form (2.1.1) 
is not unique. The norm ||'I'||^oo|g,....|g,.£oo is, by definition, the infimum of the expressions 
on the left-hand side of ( 2 . 1 . 2 ) over all representations of 'h in the form of ( 2 . 1 . 1 ). 

If 'h G L°^{Ei) 0 i ■ ■ ■ ®\L°^{Em) and T is represented as in (2.1.1), the multiple oper¬ 
ator integral is defined by 

f • • • f ^{xi, • • • , Xm) dE\ {x\)E\ • • • Tm—l dEm (Xm) 


def 


j (pi{xi,U!)dEi{xi)'^Ti---Tm-l(^j ‘fm{Xm,^^)dEmiXm)'^ ■ (2.1.3) 
The following result shows that the multiple operator integral is well defined. 


Theorem 2.1.1. The expression on the right-hand side o/(2.1.3) does not depend on 
the choice of a representation of the form ( 2 . 1 . 1 ). 

The following proof is based on the approach of [ACDS]. 


Proof. To simplify the notation, we assume that n = 3. In the general case the proof 
is the same. Consider the right-hand side of (2.1.3). It is easy to see that it suffices 
to prove its independence on the choice of ( 2 . 1 . 1 ) for finite rank operators Ti and T 2 . 
It follows that we may assume that rankPi = rankT 2 = 1. Let Ti = (-,^ 1)^1 and 
T 2 = {•,U 2 )v 2 , where ui,vi,U 2 and V 2 are vectors in our Hilbert space. Suppose that wi 
and W 2 are arbitrary vectors. We are going to use the following notation: 


VL(ri,r2) 

=^y (^j (pi{xi,u)dEi{xi)'^Ti(^ 

It is easy to verify that 
(lT(ri,T2)r(;i,'iC2) 


(p2ix2,U})dE2{x2)'^ ^^ 3 (^ 3 , W) (iL; 3 (x 3 ) 


j (pi{xi,ij)dui{xi)'^ (^j <P 2 {x 2 ,fx)dv 2 {x 2 '^ (^j (/93 (x 3 , w) (ij ^3 (^ 3 )^ da{uj) 


El = {EiVi,W 2 ), E 2 = {E 2 V 2 ,ui) and E 3 = (£' 3 tci, U 2 ). 
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where 



Thus 

{W{n,T 2 )wi,W 2 ) 


uj)^P2{x 2, Uj)ip3{x3, uj) da{uj) dl2i{xi) dl22{x2) 


^{xi,X2,X3) dl/l{xi) dv 2 {x 2 ) dv3{x3). 


It follows that IT(ri,T 2 ) does not depend on the choice of a representation of the form 

( 2 . 1 . 1 ). ■ 

The following result is an easy consequence of the above definitions. 


Theorem 2.1.2. Let T be a function in ■ ■ ■ 0iL°°(Em)■ Suppose that 

Ti, • • • ,Tm-i are bounded linear operator. Then 



) Xm) dEi (xi )Ti • • • Tm—l dEm {Xm) 


< 


m—1 


1^1 






To simplify the notation, by Soo we mean the space of bounded linear operators on 
Hilbert space. The proof of the following result is also straightforward. 

Theorem 2.1.3. Let T 6e a function in L°°{Ei)0[ ■ ■ ■ 0iL°°{Em)- Suppose that pj > 
1, 1 < j < m, and 1/pi + l/p 2 + • • • + 1/Pm < 1- If Ti,T 2 , ■ ■ ■ , Tm are linear operators 
on Hilbert space such that Tj G Sp., 1 < j < m, then 

'1' (2^1 ) ■ ■ ■ ) Xyn) dEl (xi )Tl • • • Tyyi—\ dE^jr^i (Xjyj) £ H^ 

m 

and 



, X 777 ,) (xi )Ti • • 

* Tm—l 


m 

where 


m —1 


1=1 


jWSpj, 


l/r 1 - 1/pi - l/p 2 -1 /Pm- 


In particular, all the above facts hold for functions T in the projective tensor product 
L°°{Ei)0 ■ ■ ■ ®L°°{Em) which consists of functions of the form 

T(xi,X2,--- ,Xra) = ^ (xi (X2) ' ' ' (x^), 

k>l 


where G L°°{Ej), 1 < j < m, and 

fc>i 
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2.2. Higher operator derivatives 


In § 1.4 we studied the problem of differentiability of the function t i—)• f{A + tK), 
t G M, for self-adjoint operators A and bounded self-adjoint operators K. In this section 
we are going to consider the problem of the existence of higher derivatives of this map. 

In the paper [DK] Daletskii and Krein proved that in the case when the self-adjoint 
operator A is bounded for nice functions / the map 1 1 —)■ f{A + tK) has m-th derivative 
and it can be expressed in terms a multiple operator integral whose integrand is a higher 
order divided difference of /. 

Later in [Pe8] the existence of higher operator differences was proved under much less 
restrictive assumptions. 

Definition. For a k times differentiable function / the divided differences of 
order k are defined inductively as follows: 

= /; 


if A: > 1, then 




del 


( 2 )^ ^f){si,--- ,Sk-i,Sk) - ^f){sir-- ,Sk-i,Sk+i) 


k-l . 




I m 


® f){si, ■ ■ ■ ,Sk-l,t 


t —5/(. 


Sk 7^ 'Sfc+1) 
•Sfc — Sfc+l) 


(the definition does not depend on the order of the variables). Note that 

The following result was obtained in [Pe8]. To state it, we denote by 1B(M) the space 
of bounded Borel functions on M endowed with the norm 


ll</^ll®(R) = SUp|(/9(t)|. 

teiR 

Theorem 2.2.1. Let m he a positive integer and let f be a function in the Besov class 
H™i(K). ThenTimf and 

'-V-" 

m+1 


||®m/ll'B(R)(g)i-(g)i®(K) — const II/IIb™ 

Note that the integral projective tensor product of copies of iB(M) can be defined in 
the same way as the integral projective tensor product of spaces. 

We sketch the proof of Theorem 2.2.1 in the special case m = 2. In the general case 
the proof is the same. Let / be a bounded functions on M whose Fouriesr transform is 
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a compact subset of [0, oo). The following identity is an analog of formula (1.4.5): 

(D^/)(si,S2,S3) = - JJ {f * dudv 

K+xR+ 

IR._|_ xM_j_ 

- JJ {f* ^lu+v) du dv. (2.2.1) 

IR._|_ xM_j_ 

This is a simplified version of formula (5.6) in [Pe8]. 

As in § 1.5, it is easy to deduce from (2.2.1) the following estimate 

ll®^/ll'B(R)(g)i<B(R)®i'B(R) — const cr^ 11 /IIloo, 

whenever / is a bounded function on M whose Fourier transform is supported in 

The following theorem about the existence of the mth derivative of the function t i—)• 

def 

f{At), where At = A + tK, was obtained in[Pe8]. 

Theorem 2.2.2. Let m he a positive integer. Suppose that A is a self-adjoint operator 
and K is a bounded self-adjoint operator. If f G il™ 3 (M) f) i3^;^(M), then the function 
t !-)■ f{At) has mth derivative that is a bounded operator and 

jm r r 

= y(2)”^/)(si,-- - ,s^+i)dEA{si)K---KdEA{s^+t)- (2.2.2) 

m+1 

We refer the reader to [Pe8] for the proof. 

Remark. Suppose that / G ^^^(M), m > 2, but / does not necessarily belong to 
il^ 3 (M). In this case we still can define the mth derivative of the function 1 1 —)■ f{At) in 
the following way. We put 

jm Jm 

n£lj 

where fn = f* Wn, see (2.2). Then the series on the right-hand side of (2.2.3) converges 
absolutely in the norm. With this (natural) definition it can easily happen that the 
function 1 1 —)■ f{At) can have mth derivative, but not necessarily the first derivative. We 
refer the reader to [Pe8] for details. 

In a similar was one can consider the problem of taking higher operator derivatives 
for functions of unitary operators. Note that in [Pe8] the formula for the mth derivative 
of the function t i-G f{e^^^)U has an error. A correct formula is an easy consequence of 
the results of Section 5 of [API]. 

Note also that similar results and similar formulae can be obtained for functions of 
contractions and for functions of dissipative operators, see [API] and [AP6]. 
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2.3. Higher operator differences 


In Chapter 1 we have seen that formula (1.2.1) plays a significant role in estimating 
various norms of the operator differences f{A) — f{B). In this section we are going to 
study higher order operator differences 


(AS/)(yl)e 

i=o 


m-j 


m 


f{A + jK), 


where A and K are self-adjoint operators on Hilbert space. We consider here only 
bounded self-adjoint operators A and K and refer the reader to [AP4] for a detailed 
study of the case when A is an unbounded self-adjoint operators. 

As in the case of operator differences, an essential role is played by integral formulae 
for higher operator differences. In [AP2] it was shown that higher operator differences 
can be represented in terms of multiple operator integrals. This allowed one to obtain 
analogs of the results discussed in Chapter 1 for higher operator differences. 

Recall that for functions / in the Besov class the divided difference 0™/ 

of order m belongs to the integral projective product 53(M)®! • • • (8ii5S(M). The following 

'-V-' 

m+1 

formula was obtained in [AP2]. 

Theorem 2.3.1. Let f G ]^(M) and let A and K be bounded self-adjoint operators 
on Hilbert space. Then 

-m\ J ' J .Sni+l)dEAiSl)K dEA+K(.S2)l< ■ ■ ■ K dEA+mKiSm+l)- 

m+1 


Let us prove Theorem 2.3.1 in the special case m = 2. 


Proof. Let / G We should prove the following formula: 


f{A + K) - 2f{A) + f{A-K) =2 Jjj f ){s,Lu) dEA+K{s)K dEA{t)K dEA-K{u). 
Put T = f{A + K)- 2f{A) + f{A - AT). By (1.2.1), 
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T = f{A + K)- f{A) - {f{A) - f{A - K)) 

= [[{^f){s,t)dEA+K{s)KdEA{t) - [[{^f){s,t)dEA{s)KdEA-K{t) 


= iT>f){s,t)dEA+K{s)KdEA{t)- {Df){s,u)dEA+K{s)KdEA-K{u) 


+ iTif){s,t)dEA+K{s)KdEA-K{t)- iT>f){s,t)dEA{s)KdEA-K{t). 


We have 


i^f)is,t)dEA+K{s)KdEA{t) - {^f){s,u)dEA+K{s)KdEA-K{u) 


(D/)(s, t) dEA+K{s)K dEA{t) dEA-K{u) 


(D/)(s, u) dEA+K{s)K dEA{t) dEA-K{u) 


(t - u){D'^f){s,t,u)dEA+K{s)KdEA{t)dEA-Kiu) 


{T>‘^f){s,t,u) dEA+K{s)K dEA{t)K dEA-K{u). 


Similarly, 


jj{'Df ){s,t)dEA+K{s)KdEA-K{t) - JJ{^f){s,t)dEA{s)KdEA-K{t) 


(2)2/)(s, t, u)dEA+K{s)KdEA{t)KdEA-K{u). 


T = 2 Jjj{J)^f)is,t,u)dEA+K{s)KdEA{t)KdEA-K{u). ■ 

The proof of the following result obtained in [AP2] is similar to the proof of Theorem 
1.7.1. 

Theorem 2.3.2. Let 0 < a < m and let f G Aq,(M). Then there exists a constant 
c > 0 such that for every self-adjoint operators A and K on Hilbert space the following 
inequality holds: 

||(AS/)(A)||<c||/|u.,K)-||fiT. 

In particular, in the case a = 1, Theorem 2.3.2 means the following; let / be a function 
in the Zygmund class Ai(R), i.e., / is a continues function on R such that 

\f{s -t) - 2f{s) + f{s + t)\ < const \t\, 



then 


\\f{A -K)- 2f{A) + f{A + K)\\< const ||/||ai ||i^||. 

We refer the reader to [AP2] for an analog of Theorem 1.7.2 for higher order moduli 
of continuity. 

To conclude this section, we also mention that the results of § 1.8 were generalized in 
[APS] to the case higher order operator differences. We state here the following result 
whose proved can be found in [APS]. 

Theorem 2.3.3. Let a>0,m — l<a<m, and m < p < oo. There exists a positive 
number c such that for every f G Aq,(]R), for an arbitrary self-adjoint operator A, and 
an arbitrary self-adjoint operator K of elass Sp, the following inequality holds: 

Note also that similar results hold for functions of unitary operators, functions of 
contractions and functions of dissipative operators, see [AP2], [APS] and [AP6]. 


2.4. Trace formulae for perturbations of class Sm, m>2 


In § 1.6 we have considered the Lifshits-Krein trace formula for f{A) — f{B) in the 
case when B is a trace class perturbation of A. In [Ko] Koplienko considered the case of 
Hilbert-Schmidt perturbations and he found a trace formula for the second order Taylor 
approximation 


trace 


(^f{A + K)-f{A) 


4/{.4+«) 



= f f''{x)'q{x) dx. 

Jr 


(2.4.1) 


Here A is a self-adjoint operator, AT is a self-adjoint operator of class S 2 and r/ is a 
function in that is determined by A and K. It is called the spectral shift function of 
order 2. In [Ko] formula (2.4.1) was proved for rational functions with poles off M. 

Formula (2.4.1) was generalized in [Pe7] to the case when / is an arbitrary function 
in the Besov class B^ ^ (R). 

In [PSS] the authors considered the more general problem of perturbation of class Sm, 
where m is an arbitrary positive integer and they obtained the following trace formula 
for the Taylor approximation ^)^f of order m: 

A!l'/ ='/U + A')-/(A) 


jP(A + tK) 


t=0 




1=0 


They proved in [PSS] that there is a unique function in that depends only on A, 
K and m such that 


trace = f f^'^\s)r]m{s) ds 

J M 
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(2.4.2) 




for functions / on M such that the derivatives are Fourier transforms of functions 
for 1 < j < m. The function r]m is called the spectral shift function of order m. 

The results of [PSS] were improved in [AP7]. First, formula (2.4.2) was extended for 
arbitrary functions / in the Besov class Secondly, much more general trace 

formulae for perturbations of class Sm we obtained in [AP7]. 

It was shown in [AP7] that the Taylor approximation admits the following represen¬ 
tation in terms of the multiple operator integral; 

^tKf = ,S^+i)dEA+K{si)KdEA{s2)K---KdEA{Sm+l). 

m+1 

Here A is a self-adjoint operator, iF is a self-adjoint operator of class Si and / G i(K). 
In this formula by ^^^f we mean 


^(m) f def 

^a,kJ ~ 



nGZ 


where as usual fn = f* ITn, see (2.2). 

To establish formula (2.4.2), the authors of [PSS] proved the following inequality: 


jm 

trace ( -— f{^t] 
' dt'^ 


t=o 


< const 


\K\ 


(2.4.3) 


for functions / whose derivatives f^^\ 1 < J < w,, are Fourier transforms of functions. 
Here At‘^= A + tK. 

To prove that formula (2.4.2) holds for arbitrary functions / in i(K), we have to 
extend inequality (2.4.3) to the class H™p(]R)- Recall that for / G H™p(IK), by the mth 
derivative of the functions 1 1 —)■ f{At), we mean 






Theorem 2.4.1. Let f G and K G Sm- Then 


dE 

trace ( -— f(At 
dt^ ^ ■ 


< const / 


(m)| 




(2.4.4) 


Note that the proof of Theorem 2.4.1 given in [AP7] contains an inaccuracy. We give 
here a corrected proof. 

Proof. As before, it suffices to consider the case when / is a bounded function on M 
whose Fourier transform has compact support in (0, oo). By Theorem 2.2.2, we have 


dJ^ 


(f{A)) 


t=0 


= m 


'■J ■ 


) 'Sm-l-l) dEA(ySi)K • • • K dEA{^Sm+l\ 


m+1 
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For simplicity we assume that m = 2. In the general case the proof is the same. Recall 
formula (2.2.1): 

M_j_ X M_|_ 


- Jj if* ^iu+v) du dv 

M_j_ X M_|_ 


M_j_ X M_|_ 


Thus 

£_ 

dt‘^ 


{fiAt)) 


t=o 



R+xR+ 


(/ * ^^u+v) du dv 


-2 II e^^^K{f*^iu+v){A)e-^^^+^'>^Ke'^^dudv 

IR_|_ xM_|_ 

-2 II e^^^Ke^^^K{f*iJu+v){A)e-'^^+^^^dudv. (2.4.5) 

M_|_ xM_|_ 

Let a; be a function in (^“^(M) such that ca(0) = 1 and ^uj is a nonnegative infinitely 

def 

differentiable function with compact support. For e > 0, we put fe{x) = u){ex)f{x). 
Then supp is a compact and 

^fe G Ln^)nC'°°(M). 


Hence, by Theorem 2.1 of [PSS], 


f d^ 

1 M 

trace i^fs{At)\ 

II 

O 


< const /g 


K 


2 

Sa¬ 


lt is easy to see that 

ii/:l„<cii/'ii,,„, 

where C depends only on <I>. Moreover, supp^/e is a compact subset of (0, oo) for 
sufficiently small e. It follows that 


ll/e * ;U„+„||lcx= < const 11/*/r„+^||Lcx> and lim(/e * ;U„+„)(s) = (/ * /r„+^)(s), s G M. 

£->■0 

By the spectral theorem, 

linr(/e * iXu+v){A) = {f * ^iu+v){A) 
e^O 

in the strong operator topology. Thus 

lim (/e * = (/ * 
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in the norm of It follows that 


lirn JJ [fi; * iJ,u+v){A)e dudv 

M_|_ X M_|_ 

= JJ {f*^lu+v){A)e-'^^+^'>^Ke^^^Ke'^^dudv 

M_f_ X M_|_ 


in the norm of Si. The same is true about the second and the third integral on the 
right-hand side of (2.4.5). This proves that 




dt'^ 


t=o 


in the norm of Si, and so (2.4.4) holds with m = 2. ■ 

Note that Theorem 2.4.1 was used in [AP7] to obtain considerably more general trace 
formulae. In particular trace formulae were found for 


trace■ 


dt^ 




t=0 


and 


trace (A^/)(A). 


Chapter 3 

Triple operator integrals, Haagerup(-like) tensor products 
and functions of noncommuting operators 


In this chapter we deal with triple operator integrals and we apply triple operator inte¬ 
grals to estimates of functions of perturbed noncommuting pairs of self-adjoint operators. 
It turns out that for this purpose it is not enough to consider triple operator integral 
whose integrands belong to the (integral) projective tensor product of spaces. In 
[JTT] multiple operator integrals were defined for functions that belong to the Haagerup 
tensor product of L°° spaces. We define triple operator integrals for functions in the 
Haagerup tensor product in § 3.2. However, for our purpose we have to modify the no¬ 
tion of the Haagerup tensor product. We define in § 3.4 Haagerup-like tensor products 
of the first kind and of the second kind. We are going to use the following representation 
of /(Hi, Hi) — f{A 2 ,B 2 ) in terms of triple operator integrals; 

f{Ai,Bi)-f{A2,B2) = JJj (p'Ai f^(^xi,X2,y) dEA^,{xi){Ai - A 2 ) dEA2{x2) dEs^iy) 

+JJJ{^^‘^^f){x,yi,y2)dEA2{x)dEBi{yi){Bi - B2)dEB2iy2), (3.0.6) 
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where the divided differences and are defined by 




<M f { xi , y ) - f { x2 , y ) 

Xi - X2 


and 


(D[2'/(x,yi,y2)) 


f{x,yi) - f{x,y 2 ) 

yi - y2 


Here / is a function in the Besov class and (Hi, Hi) and (H 2 , B 2 ) are pairs of 

(not necessarily commuting) self-adjoint operators. 

It turns out that the divided differences do not have to belong to the integral projective 
tensor product of the L°° spaces. That is why we have to consider triple operator integrals 
defined for other classes of functions. In § 3.2 we define the Haagerup tensor product 
of spaces and triple operator integrals for such functions. It turned out, however, 
that the divided differences do not have to belong to the Haagerup tensor product. To 
overcome the problems, we introduce in § 3.4 Haagerup-like tensor products of the first 
kind and of the second kind. We will see in § 3.5 that for functions / in i(I^^)) the 
divided difference X>hl/ belongs to the Haagerup-like tensor product of the first kind, 
while the divided difference belongs to the Haagerup-like tensor product of the 

second kind. 

We obtain in § 3.6 Lipschitz type estimates for functions of noncommuting self-adjoint 
operators in the norm of Sp with p G [1, 2]. It turns out that such Lipschitz type estimates 
in the norm of Sp for p > 2 and in the operator norm do not hold. 

Finally, we use in § 3.8 triple operator integrals with integrands in Haagerup-like tensor 
products to estimates trace norms of commutators of functions of almost commuting 
operators. 

In the first section of this chapter we define functions of noncommuting self-adjoint 
operators. 


3.1. Functions of noncommuting self-adjoint operators 

Let A and B be self-adjoint operators on Hilbert space and let and Eb be their 
spectral measures. Suppose that / is a function of two variables that is defined at least 
on (t{A) X (j{B), where (t{A) and (t{B) are the spectra of A and B. If / is a Schur 
multiplier with respect to the pair {E^, Eb), we define the function f{A, B) oi A and B 
by 

/(H,H)1^' jj f { x , y ) dEA { x ) dEB { y ). (3.1.1) 

Note that the map / e-)■ f{A, B) is linear, but not multiplicative. 

If we consider functions of bounded operators, without loss of generality we may deal 
with periodic functions with a sufficiently large period. Clearly, we can rescale the 
problem and assume that our functions are 27r-periodic in each variable. 

If / is a trigonometric polynomial of degree N, we can represent / in the form 

N / N 

f{x,y)= E 

j=-N \k=-N 
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Thus / belongs to the projective tensor product L°°0L°° and 

N N 

II/IIl-®l- < sup Y < (1+ 2iV)||/||Loc 

j=-N y k=-N 

It follows easily from (2.7) that every periodic function / on of Besov class of 
periodic functions belongs to L°°0L°°, and so the operator f{A,B) is well defined by 
(3.1.1). 

Note that the above definitions of functions of noncommuting operators is related to 
the Maslov theory, see [Ma]. If A and B are self-adjoint operators, we can consider the 
transformer of left multiplication by A and the transformer of right multiplication 
hyB: 

^aT AT, ^bT TB. 

Clearly, the transformers ^a and Mb commute. 

We can consider the transformers M^a and Mb defined on the Hilbert Schmidt class ^ 2 . 
In this case they are commuting self-adjoint operators on S 2 and the spectral theorem 
allows us to define functions /{M’a^Mb) for all bounded Borel functions / on M^. 

If our Hilbert space is finite-dimensional, the definition of f{A,B) given by (3.1.1) is 
equivalent to the following one; 

fiA,B) = f{^A,MB)I, 

where I is the identity operator, and so the definition of functions of noncommuting oper¬ 
ators can be reduced to the functional calculus for the commuting self-adjoint operators 
on the Hilbert Schmidt class. 

If our Hilbert space is infinite-dimensional, we cannot apply /{MaiMb) to the 
identity operator, which does not belong to the Hilbert Schmidt class. In this case we 
can consider the transformers M^a and Mb as commuting bounded linear operators on 
the space B{J^) of bounded linear operators on Mf. However, since B{J^) is not a 
Hilbert space and we cannot use the spectral theorem to define functions of M^a and Mb ■ 
Nevertheless, if / is a sufficiently nice function, we can define J^M^a^Mb), in which case 
the functions f{A,B) defined by (3.1.1) coincide with f{M'A,MB)T 


3.2. Haagerup tensor products and triple operator integrals 

We proceed now to the approach to multiple operator integrals based on the Haagerup 
tensor product of L°° spaces. We refer the reader to the book [Pis] for detailed 
information about Haagerup tensor products of operator spaces. The Haagerup tensor 
product L°°(i?i)( 8 )hT°°(£' 2 )®hT°°(£' 3 ) of L°° spaces is defined as the space of functions 
of the form 

T(xi,X 2,X3)= ^ aj(xi)/3jfc(x2)7fc(a^3), (3.2.1) 

j,k>0 
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where aj, and 7 ^ are measurable functions such that 

{l^jk]j,k>o ^ {lk]k>o ^ (3.2.2) 

where B is the space of matrices that induce bounded linear operators on and this 
space is equipped with the operator norm. In other words, 

« / \ 

ll{“i}i>ollL”(£ 2 ) = £^i-esssup '^\aj{xi)\^ < 00, 


vi>o 


\\{l^jk]j,k>o\\L^(B) '= E2-esssup\\{/ 3 jk{x 2 )}j,k>o\\i 3 < 00, 


and 


1/2 


l|{ 7 fc}fc>ollL°°(£ 2 ) = £^ 3 -esssup ^| 7 fc(a^ 3 )|^ < 00. 


yk >0 

The norm of T in L°°( 8 )h( 8 )his, by definition, the infimum of 
\\{oij}j>o\\L<^(e2)\\{/3jk}j,k>o\\L^{B)\\{7k}k>o\\L'^{£2) 
over all representations of T of the form (3.2.1). 

It is well known that L°° 0 L°° 0 L°° C L°° 0 y^L°° 0 i^L°°. Indeed, suppose that T admits 
a representation 

T(xi,X2,X3) = (Pnixi)tpn(x2)Xnix3) 


with 


Without loss of generality we may assume 

cM II 

Cn — W^n 

We define aj, and jk by 


\\^n\\L°°{Ei)\\'4’n\\L°°{E2)\\Xn\\L'^{E3) < OO. 
may assume 

L°°||V’n||L°°||Xn||L°° 7 ^ 0 for every n. 

Xi(a;3) 


= u.'ff Xkixs) = ^ 


Oj 11 ^OO 


llx.ll 


L°° 


and 


I3jk{x2) = 


i>j{x2 )\\t 

0 , 


1-1 
j iIl°° 


, j = k 

j^k. 


Clearly, (3.2.1) holds. 


/ \V2 . y/2 

ll{«i}|lL“d2) < E=d < 00 , l|{7fc}||L“(£2) < <00 

and 

II {/5jfc(3^2)}j,fc>0 llg E 1- 

In [JTT] multiple operator integrals were defined for functions in the Haagerup tensor 
product of L°° spaces. Suppose that T has a representation of the form (3.2.1) and 
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(3.2.2) holds and suppose that T and R are bounded linear operators on Hilbert space. 
Then the triple operator integral 


T(xi,X2,X3)(iSi(xi)T dE2{x2)RdE^{x‘i) 


(3.2.3) 


can be defined in the following way. 

Consider the spectral measure £' 2 . It is dehned on a fi-algebra S of subsets of i%^ 2 - 
We can represent our Hilbert space ^ as the direct integral 

= J d^i{x), (3.2.4) 


associated with £ 2 - Here is a finite measure on ^ 2 , x (x), is a measurable Hilbert 
family. The Hilbert space consists of measurable functions / such that /(x) G f^(x), 

X G ^ 2 , and 


\\f\U 


def 



< 00. 


Finally, for A G S, £(A) is multiplication by the characteristic function of A. We refer 
the reader to [BS5], Ch. 7 for an introduction to direct integrals of Hilbert spaces. 

Suppose that T belongs to the Haagerup tensor product L°°(8)h£°°<8)h£°° and (3.2.1) 
holds. The triple operator integral (3.2.3) is defined by 



T(xi,X2,X3)d£i(xi)r dE2{x2)RdEz{xz) 




(3.2.5) 


Let us show that the series on the right converges in the weak operator topology. Let 
/ and g be vectors in Put 


def 

Uk = R 


IkdEAf 


and 




g- 


(3.2.6) 


We consider the vectors vj and Uk as elements of the direct integral (3.2.4), i.e., vector 
functions on £^ 2 - 
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We have 


^ Q ajdEi'^ T Q (5,kdE^ R Q -fudE^ f,g 


E ((I Uk,' 

j,k>0 


E / {/djkix)uk{x),Vj{x))^,.dfi{x] 


j,k>0 


% 


< J \\{l3jk{x)}j,k>o\\B ■ \\{uk{x)}k>o\\e 2 ■ \\{vj{x)}j>o\\i 2 dn{x) 

< ||{/3ifc}i,fc>ollL-(B) [ J 1 ( / {'^\^ji^)\‘^)ddi3 

\^2 / V^2 

/ \ 1/2 / \ 1/2 

= \\{Pjk}j,k>o\\L°°{B) I E I { E 

\fc>0 / \i>0 

Keeping (3.2.6) in mind, we see that the last expression is equal to 


1/2 


\\{Pjk}j,k>o\\L°°{B) I E d^\ 'ykdEsj f 

\k>0 J 


1/2 / 

/ \i>o 


T* / oTd^i 9 


.3^ 


< ll{/3lfckfc>ollLoc(^)ll^ll-11^11 (E ( / 

\A:>0 d 


1 / 2 / 


1/2 


1/2 


E 

,/>o 


aj dEi g 


By properties of integrals with respect to spectral measures, 

2 

IkdE^i ) /| 

I / I 

, fc >0 


E 

A:>0 

Similarly, 


I [EI^^I'I (dEsfJ)] <||{7fc}fc>0 


2 11 f \\2 

>0|lLoo(/2)| 


E 

j>o 

This implies that 


Uj dEi g 


J fEl“/n (.dEig,g)j < ||{ai}i>o|lioo(/.2)Hfi-f• 


I \ 

^ l^j dEi'^ tI^I PjkdE^ rI^I jkdEs^ f,g 


< \\{fdjk}j,k>o\\L<^{B) ■ l|{«i}A:>o||L°°(<;2) • ||{7A:}fc>0 ||l”(£2) ||/|| • 
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It follows that the series in (3.2.5) converges absolutely in the weak operator topology. 
The above inequalities show that 


T(xi,X 2 ,X 3 ) dEi{xi)TdE 2 {x 2 )RdE 3 {x 3 ) 


< ||'k||LoO|g,j^£,cx>0j^oo||T|| • ||ii||. (3.2.7) 


Note that the triple operator integral is well defined by (3.2.5), i.e., the sum of the 
series in (3.2.5) does not depend on the choice of a representation (3.2.1), see [JTT] and 
[ANP3]. 

It is easy to verify that if T is a function that belongs to the projective tensor product 
L°^{Ei)®L°°{E 2 )®L°°{E 3 ), then the above definition coincides with the definition of 
the triple operator integral given in Chapter 2. 

It turns out, however, that unlike in the case when the integrand belongs to the 
projective tensor product L°° 0 L°° 0 L°° (see Theorem 2.1.3), triple operator integrals 
with integrands in the Haagerup tensor product ( 8 )h T°° ( 8 )h do not possess the 
property 


T G Sp, R is bounded 


T dEiE dE2R dE^ G Sp 


with p < 2] this will be established in § 3.8. We will see in § 3.3 that for integrands T 
in L°°(g)hT°°(g)hL°°, 


r G 5. 


1 1 


1 


pi 


R £ Sqi —I < 7 : 



p q 2 

We do not know whether this can be true if 1/p + 1/q > 1/2. 


^ dEiT dE2RdE3 G Sr, - = - + 

r p q 


3.3. SCHATTEN-VON NEUMANN PROPERTIES 


In this section we study Schatten-von Nemann properties of triple operator integrals 
with integrands in the Haagerup tensor product L°°( 8 )hT°°< 8 >hT°°. First, we consider the 
case when one of the operators is bounded and the other one belongs to the Hilbert™ 
Schmidt class. Then we use an interpolation theorem for bilinear operators to a consid¬ 
erably more general situation. 

The following result was established in [ANPl] and its detailed proof was published 
in [ANP3]. 


Theorem 3.3.1. Let Ei, E 2 , and E 3 he spectral measures on Hilbert space and let <I> 
be a function in the Haagerup tensor product L°°(Si)( 8 )hT°°(£^ 2 )®hT°°(£^ 3 ). Suppose that 
T is a bounded linear operator and R is an operator that belongs to the Hilbert-Schmidt 
class 82 - Then 


W 


T(xi,X 2 ,X 3 ) dEi{xi)TdE 2 {x 2 )RdE 3 {x 3 ) G S 2 


Xx X 2 Xz 


(3.3.1) 


and 


||IF||s 2 < ■ Il-^lls2- 
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(3.3.2) 



It is easy to see that Theorem 3.3.1 implies the following fact: 


Corollary 3.3.2. Let Ei, E 2 , E 3 , and T satisfy the hypotheses of Theorem 3.3.1. If 
T is a Hilbert Sehmidt operator and R is a bounded linear operator, then the operator 
W defined by (3.3.1) belongs to S 2 and 


Clearly, to deduce Corollary 3.3.2 from Theorem 3.3.1, it suffices to consider the 
adjoint operator W*. 


Proof of Theorem 3.3.1. For simplicity we consider the case when E^ is a discrete 
spectral measure and we refer the reader to [ANP3] for the general case. Under this 
assumption, there exists an orthonormal basis {em}m> 0 ) the spectral measure FI 3 is 
defined on the fi-algebra of all subsets of and Fladm}) is the orthogonal projection 
onto the one-dimensional space spanned by Cm- In this case the function T has the form 

T(xi,X 2 ,m) = ^ aj{xi)l 3 jk{x 2 hk{m), xi G Ji), X 2 G ^ 2 , rn G Z+, 

j,/c >0 


where 

and 

Then 

We have 

where 




sup 

k >0 




m) < 00 . 


W= '^^{xi,X2,n)dEi{xi)T dE2ix2)R{-,em)er, 


m>0 


WZmRe^f, 


^m\\ — 

m>0 m>0 


def 


Zm= ^{xi,X2,m)dEi{xi)TdE2{x2) 


(3.3.3) 



^rnixi,X2,m) dEi{xi)T dE2{x2)I dS'rr. 


Here S'm is the spectral measure defined on the one point set {m} and the function 
is defined on tZi x .^2 x {m.} by 

'^rnixi,X2,m) = T (xi , X2 , m), Xi G S'i,X2 G ^2- 


It is easy to see that 


\\'^m\\L°°{Ei)<S>hL°°iE2)iS>hL°°i<S'm) — \\'^\\L°°iEi)iS>hL°°iE2)<SihL°°iE3)^ m > 0. 

It follows now from (3.2.7) that 



2 


and by (3.3.3), we obtain 


m>0 



m>0 

It follows that W £ S2 and inequality (3.3.2) holds. ■ 

We are going to use Theorem 4.4.1 from [BL] on complex interpolation of bilinear 
operators. Recall that the Schatten~von Neumann classes Sp, p > 1, and the space of 
bounded linear operators B{J^) form a complex interpolation scale: 

(5i,R(^))[0] = 5^, 1<0<1. (3.3.4) 

This fact is well known. For example, it follows from Theorem 13.1 of Chapter III of 
[GK]. 

The following result was established in [ANPl] and its proof was published in [ANP3]. 

Theorem 3.3.3. Let T G L°°(£'i)( 8 )hT°°(£' 2 )®h-^°°(.E' 3 )- Then the following holds: 
(i) if P > 2, T G and R G Sp, then the triple operator integral in (3.3.1) belongs 

to Sp and 

||lR||sp < ll^l|L°°0hi”®hi°°ll^ll • W^Wsp', (3.3.5) 


(ii) if p > 2, T G Sp, and R G then the triple operator integral in (3.3.1) belongs 

to Sp and 

||lR||sp < ll'l'llL°°0h£'°°®hi”ll^llspl|.R||; 

(hi) ifljp + 1/q < 1/2, T G Sp, and R G Sq, then the triple operator integral in (3.3.1) 
belongs to Sr with 1/r = 1/p + 1/q and 

||lR||s. < ll^l|L°°0hi”®hi”II^IISp||^||s,j- 
We will see in § 3.8 that neither (i) nor (ii) holds for p > 2. 

Proof of Theorem 3.3.3. Let us first prove (i). Clearly, to deduce (ii) from (i), it 
suffices to consider IT*. 

Consider the bilinear operator W defined by 

W{T,R) = jjI T(xi,X 2 ,X 3 ) dEi{xi)TdE 2 {x 2 )RdE 2 ,{x 2 ,). 

By (3.2.7), W maps x B{Jif) into B{Jif) and 

||ir(r,R)||<||T||.||R||. 

On the other hand, by Theorem 3.3.1, W maps BfJif) x S2 into S2 and 

||ir(r,R)||s, <||T||.||R||s,. 
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It follows from the complex interpolation theorem for linear operators (see [BL], Theorem 
4.1.2 that) W maps B{J^) x Sp, p > 2, into Sp and 

Suppose now that 1/p+l/q < 1/2 and 1/r = 1 /p + l/q. It follows from statements (i) 
and (ii) (which we have already proved) that W maps x Sr into Sr and Sr xB{J^) 

into Sr, and 

||ir(r,i?)||s, <||r||.||ii||s, and ||ir(r,i?)||s. < ||t||s. • ||i?||. 

It follows from Theorem 4.4.1 of [BL] on interpolation of bilinear operators, W maps 
{B{Jif), Sr)[ 0 ] X {Sr,B{Jif ))[g] into Sr and 

\\'^{T,R)\\Sr < \\T\\{l3(jif’),Sr)[e]\\^\\iSr,B(je’))[gy 

It remains to observe that for 9 = r/p, 

{B{.J^),Sr\e] = Sp and {Sr,B{J^)\e] = Sq, 

which is a consequence of (3.3.4). ■ 


3.4. Haagerup-like tensor products and triple operator integrals 

As we have mentioned in the introduction to this chapter, we are going to use a rep¬ 
resentation of f{Ai,Bi) — f{A 2 ,B 2 ) in terms of triple operator integrals that involve 
the divided differences and However, we will see in § 3.8 that the di¬ 
vided differences and do not have to belong to the Haagerup tensor product 

L°°(8)hL°°(8)hL°° for an arbitrary function / in the Besov class B^^ i(I^^)- In addition to 
this, representation (3.0.6) involves operators of class Sp with p < 2. However, we will 
see in § 3.8 that statements (i) and (ii) of Theorem 3.3.3 do not hold for p <2. 

This means that we need a new approach to triple operator integrals. In this section 
we introduce Haagerup-like tensor products and define triple operator integrals whose 
integrands belong to such Haagerup-like tensor products. Note that the Haagerup-like 
tensor products were defined in [ANPl] and [AP9], see also [ANP3]. 

Definition 1. A function 'L is said to belong to the Haagerup-like tensor product 
L°°{Ei) 0 y^L°°{E 2 ) 0 ^L°°{E 3 ) of the first kind if it admits a representation 

'i>ixi,X2,X3) = '^ aj{xi)(3k{x2hjk{x3), Xj ^ 3Ej, (3.4.1) 

j,/c>0 

with {aj}j>o, {/3fc}fc>o G and {'^jk}j,k>o G L°°{B). As usual, 

~ IK'^i}i>o|lLoo(£2) ||{/5fc}fc>o||j;^oo(£2) ||{7ifc}i,fc>o||2,cx)(gp 

the infimum being taken over all representations of the form (3.4.1). 
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Definition 2. Let 1 < p < 2. ForG {Ei)®Y\L°°{^ 2 )®^[E^), for a bounded 
linear operator ii, and for an operator T of class Sp, we define the triple operator integral 


W = 


'I>(xi,X 2 ,X 3 ) dEi(xi)T dE 2 (x 2 )RdE 3 (x 3 ) 


(3.4.2) 


as the following continuous linear functional on Sp/, 1/p + 1/p^ = 1 (on the class of 
compact operators in the case p = 1): 


Q I—trace 



'l'(xi,X 2 ,X 3 )dE 2 (x 2 )RdE 3 (x 3 )QdEi(xi)] T 


(3.4.3) 


Clearly, the triple operator integral in (3.4.3) is well defined because the function 

(x2,X3,Xi) l-G 4 '(xi,X2,X3) 

belongs to the Haagerup tensor product L°°{E2)®\iL°°{E3)®\iL°°{Ei). It follows easily 
from statement (i) of Theorem 3.3.3 that 

||lC||Sp < ll'^'lll,°°(g)hL°°(g)‘'Z/°°II^IISp||.R||) 1 < P < 2, 

(see Theorem 3.4.1). 

It is easy to see that in the case when T belongs to the projective tensor product 
L°°{Ei)0L°°{E2)0L°°{E3) , the definition of the triple operator integral given above is 
consistent with the definition of the triple operator integral given in Chapter 2. Indeed, 
it suffices to verify this for functions of the form 

T(xi,X 2,X3) = p(xi)V'(x2)x(x3), ipeL°°{Ei), -Ip e L°°{E2), x^L°°{E3), 

in which case the verification is obvious. 

We also need triple operator integrals in the case when T is a bounded linear operator 
and R G Sp, 1 < p < 2. 

Definition 3. A function 'L is said to belong to the Haagerup-like tensor product 
L°°{Ei) 0 ^L°°{E 2 ) 0 hL°°{E 3 ) of the second kind if 'L admits a representation 

4'(xi,X2,X3) = ajk{xi)l3j{x2)'yk{x3) (3.4.4) 

j,k>0 

where {/3j}j>o, {'yk}k>o G {oijk}j,k>o G The norm of T in the space 

L°° (8)^L°° 'S>hL°° is defined by 

~ IK'^i}i>o|lLoo(£ 2 ) ||{/5fc}fc>o||£oo(£2) ||{7ifc}i,fc>o|| 

the infimum being taken over all representations of the form (3.4.4). 

Definition 4. Suppose now that T G L°°{Ei)iSi^L^{E 2 )'SihE°°{E 3 ), T is a bounded 
linear operator, and R G Sp, 1 < p < 2. The continuous linear functional 

T(xi,X 2 ,X 3 ) dE3{x3)Q dEi{xi)T dE2{x2)] R 


Q I—)■ trace 
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on the class Sp/ (on the class of compact operators in the case p = 1 ) determines an 
operator W of class Sp, which we call the triple operator integral 


W = 


^(xi,X 2 ,X 3 ) dEi(xi)T dE 2 (x 2 )RdE 3 (x 3 ). 


(3.4.5) 


Moreover, 

< ll'J^llL°°(g)hL°0(g)j,L°o ||7"|| • ||.R||Sp- 

As above, in the case when 4' G L°°{Ei) 0 L°°{E 2 ) 0 L°°{E 3 ), the definition of the 
triple operator integral given above is consistent with the definition of the triple operator 
integral given in Chapter 2. 

The following result can easily be deduced from Theorem 3.3.3, see [ANP3]. 

Theorem 3.4.1. Let T G (8)h . Suppose that T ^ Sp and R G Sq, 

where I < p < 2 and 1/p + 1/q < 1. Then the operator W in (3.4.2) belongs to Sr, 
1 /r = 1 /p + 1 /q, and 

||hh||Sr — ll^llsp ||.R||s5- (3.4.6) 

IfT^ Sp, 1 < p <2, and R is a bounded linear operator, then W ^ Sp and 

||hh||sp < ll^llL°°(g)i,L°°(g)hL°°ll^llsp||.R||- (3.4.7) 

In the same way we can prove the following theorem; 

Theorem 3.4.2. Let 'h G L°° 0 ^ L°° 0 ^, L°°. Suppose that p > 1, 1 < q < 2, and 
1/p + 1/q <1. If T G Sp, R G Sg, then the operator W in (3.4.5) belongs to Sr, 
1 /r = 1 /p + 1 /q, and 

||hT||Sr — ll'^'llL°°(glhL°°®*'L°°ll^l|Sp||-R||Sq- 
IfT is a bounded linear operator and R G Sp, 1 < p <2, then W G Sp and 

||hh||Sp < ll'J^llL°°(gihL“®*'L°°II^IISp||-R||- 


3.5. Conditions for and to be in Haagerup-like tensor products 


As we have already mentioned before, for functions / in i(lK^); the divided differ¬ 
ences and 

X1-X2 yi-y2 

do not have to belong to the Haagerup tensor product (gh (gh . This will be 
seen in § 3.8. 

In this section we will see that for / G i(l^^)) the divided difference belongs 

to the tensor product L°°(£'i)(g)h A°°(iii 2 )®^T°°(£i 3 ), while the divided difference 
belongs to the tensor product L°°{Ei)®^L°°{E 2 )®y,L°°{E 3 ) for arbitrary Borel spectral 
measures Ei, E 2 , and E 3 on M. 
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This will allow us to prove in the next section that if {Ai,Bi) and {A 2 ,B 2 ) are pairs 
of self-adjoint operators on Hilbert space, (712,-62) is an Sp perturbation of (Hi,61), 
1 < P < 2, and / € 6^ then the following integral formula holds; 

/(Hi, 6 i)-/(H 2 , 62 ) = [[[ dEAAxi){Ai-A2)dEA,{x2)dEBAy), 

Jjj XI-X2 


+ 


fix,yi) - f{x,y2) 


dEA^ix) dEB^{yi){Bi - 62 ) dEB2{y2)- 


yi - y 2 

The following theorem contains a formula that is crucial for our estimates. It was 
established in [ANPl] and [AP9], its detailed proof was published in [ANP3]. 


Theorem 3.5.1. Let f be a bounded function on 
supported in the ball G : ||^|| < 1}. Then 


whose Fourier transform is 


f{xi,y) - fix2,y) 


Xi - X2 


sin(xi - jtt) sin(a;2 - kn) /(jvr, y) - /(/ctt, y) 

2^ —^-7Z-1-----> (3-5.1) 


xi - JTT 


X2 — kn 


j^kG'Z 

where for j = k, we assume that 

/(j7r,y) - f{kTT,y) _ df{x,y) 


JTT — kn 


JTT — kn 


dx 




Moreover, 


E sin^(a:i — jn) sin^(x 2 — k7r) 

(xi-jir)^ {x2-kTiY 

je'£ ^ ' kez ^ ’ 


and 


sup 

yGR 


fij'^,y) - f{k'n^,y) 

Jtt — kiT 


j,k£7A 


< const II/IIlcx, 


(3.5.2) 


(3.5.3) 


Formula (3.5.1) can be deduced from Lemma 1.9.2, see [ANP3] for details, identities 
(3.5.2) are well-known, see, e.g., [Ti], 3.3.2, Example IV. 

To estimate the operator norm of the matrix 

f fjj'x^y) - f{kn,y) \ 

I Jj,kez ’ 

we represent this matrix as the sum of the matrices Cy = {cjk(y)}j,kez By = 
{djk(y)}j,k€Z, where 


Cjk(y) = 


/(j7r,^)-/(A:7r,y) 
jiT—kn • 

0, 


j^k 

j = k 


and djk{y) = 


0 , 

dfix,y) 

dx 


{B,y) 


j^k 

j = k. 


It is easy to see that Cy is the commutator of the discrete Hilbert transform 6d and 
an operator of multiplication by a bounded sequence on and < const 
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On the other hand, 


< II/IIl°°(r2) 

by Bernstein’s inequality. This completes the proof of (3.5.3). 

We refer the reader to [ANP3] for details. 

The following result can be deduced easily from Theorem 3.5.1, see [ANP3]. 

Corollary 3.5.2. Let f be a bounded function on sueh that its Fourier transform 
is supported in G : ||^|| < a}, a > 0. Then the divided differences D^^^f and 
have the following properties: 

dW/ G and ^ L^{Ei)^^L^{E 2 )^i,L^{E 3 ) 

for arbitrary Borel speetral measures Ei, E 2 and E 3 . Moreover, 

< const cj||/||i^(K 2 ) (3.5.4) 

and 

||®'^'/|Loo^hioo^j^ioo < consta||/||ioo(K 2 ). (3.5.5) 

Corollary 3.5.2 implies in turn the following theorem that was established in [AP3]. 
Theorem 3.5.3. Let f G il^;^(M^). Then 

dW/ G L°°{Ei)^i,L^{E 2 )^^L^{E 3 ) and 2)^1/ g L°°{Ei)^^L^{E 2 )^i,L^{E 3 ) 
for arbitrary Borel speetral measures Ei, E 2 and E 3 . Moreover, 

< const \\f\\Bl^, 

and 

- const 


3.6. Lipschitz type estimates in the case 1 < P < 2 

In this section we discuss the results announced in [ANPl] and [ANP2] whose detailed 
proofs were given in [ANP3]. 

We will see in this section that for functions / in the Besov class B^^ i(l^^)) we have 
a Lipschitz type estimate for functions of noncommuting self-adjoint operators in the 
norm of Sp with p G [1,2]. 

The following integral formula plays an important role. 

Theorem 3.6.1. Let f G and 1 < p < 2. Suppose that {Ai,Bi) and 

{A 2 ,B 2 ) are pairs of self-adjoint operators such that A 2 — Ai G Sp and B 2 — Bi G Sp. 
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\ Dy \\ = sup 


df{x,y) 

dx 



Then the following identity holds: 

fiAuBi)-f{A 2 ,B 2 ) 

f{xi,y)-f{x 2 ,y) 

Xi - X 2 

^[ff f{x,yi) - f{x,y 2 ) dEA,{x)dEBAyi){Bi-B 2 )dEB,{y 2 ). (3.6.1) 

Jjj yi-y 2 

Note that by Theorem 3.5.3, the divided differences and belong to the 

corresponding Haagerup like tensor products, and so the triple operator integrals on the 
right make sense. 

Proof. It suffices to prove that 

fiAi,Bi)-fiA 2 ,Bi) 



and 


= jj (XiW/)(xi,X2,y)d.EAi(xi)(^i- 


A 2 ) dEA 2 {x 2 ) dEB^{y) 


f{A 2 ,B,)-f{A 2 ,B 2 ) 


(3.6.2) 


= JJ {^^‘^^f){x,yi,y2)dEA2ix)dEB:,iyi){Bi - B2)dEB2{y2)- 


(3.6.3) 


Let us establish (3.6.2). Formula (3.6.3) can be proved in exactly the same way. 
Suppose first that the function belongs to the projective tensor product 

L°°{Eai)0L^{Ea2)^L^{Ebi)- In this case we can write 


JJ {^^^^f){xi,X2,y)dEA:^{xi){Ai- 


A 2 ) dEA2{x2) dEBiiy) 


/)(xi, X2,y) dEAi {xi)Ai dEA2{X2) dEB^ (y) 

(D f){xi,X2, y) dEAi {xi)A 2 dEA2 {X2) dEB^ (y ). 

Note that the above equality does not make sense if 01^1/ does not belong to L°°0L°°0L°° 
because the operators Ai and A 2 do not have to be compact, while the definition of triple 
operator integrals with integrands in the Haagerup-like tensor product L°°(8)hL°°(8)’^L°° 
assumes that the operators Ai and yl 2 belong to S 2 . 

It follows immediately from the definition of triple operator integrals with integrands 
in L°°(8)L°°(8)L°° that 

JJj {^^^^f){xi,X2,y) dEAi{xi)Ai dEA2{x2) dEB^{y) 



xi {xi,X2,y) dEAi (xi) dEA2 (X2) dEB^ (y) 
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and 


(xi, X2, y) (IEai {xi)A2 (IEa^{X 2) dEs^ (y) 


Thus 


X 2 (xi, X2, y) dEAi (xi) dEA2{x2) dEs^ (y). 


{xi,X 2 ,y) dEAi (xi) 2 li ( 2 ^ 2 ) dEs^ (y) 


(d[^!Z) {xi,X 2 ,y) dEAi {xi)A 2 dEA^{X 2 ) dEs^ (y) 


J (xi - X2) 


f{xi,y) - f{x 2 ,y) 


dEAi (xi) dEA 2 ix 2 ) dEsi (y) 


Xi - X 2 

Z(xi, y) dEAi (xi) dEA 2 {x 2 ) dEs^ (y) 

f{x 2 ,y) dEAiixi) dEA 2 {x 2 ) dEs^iy) = f{Ai,Bi) - f{A 2 ,Bi). 


Consider the functions Zn defined by Zn = Z * n G Z, see (2.2). It is easy to see 
from the definition of the Besov class that to prove (3.6.2), it suffices to show 

that 


fn{A,,B^)-fn{A2,B^) 

{^^^^fn){xi,X 2 , y) dEAi (xi)(Ai - yl 2 ) dEA 2 {x 2 ) dEs^ (y). 

As we have mentioned in § 2, the function Zn is a restriction of an entire func¬ 
tion of two variables to M x M. Thus it suffices to establish formula (3.6.2) in the 
case when f is an entire function. To complete the proof, we show that for entire 
functions f the divided differences must belong to the projective tensor product 

L°-{Ea,)®L^{Ea2)®L^{Eb,)- 

00 / 00 \ 

Let f{x, y) = o.jkX^y^ j be an entire function and let i? be a positive number 

j=o fc=0 ^ 

such that the spectra ct(Ai), cj(A 2 ), and (j{B) are contained in [—i?/2, i?/2]. Clearly, 


<E(EI“^‘I-R"*‘) <” 

j=0 k=0 
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and 


^[1]/ 


L°°(g)L°°(8)L°° 


oo / oo j—1 


j=0 \fc=l z=0 


1^2 y 


^ 000 ^ 000^00 


oo / oo \ 

< 'Yh ( ] < +°°’ 

j=0 \k=l ) 

where in the above expressions L°° means L°°[—ii, ii]. This completes the proof. ■ 

Theorem 3.6.2. Let p G [1,2]. Then there is a positive number C such that 

||/(Ai,i?i)-/(^2,il2)|| <C||/b^^^max{Pi-Gl2||s„||i?i-i?2||5,}, (3.6.4) 

whenever f G and Ai, A 2 , Bi, and B 2 are self-adjoint operators such that 

A 2 — Ai ^ Sp and B 2 — Bi & Sp. 

Proof. This is an immediate consequence of Theorem 3.6.1 and Theorems 3.4.1 and 

3.4.2. ■ 

Remark. We have defined functions f{A, B) for / in B^ only for bounded self- 
adjoint operators A and B. However, formula (3.6.1) allows us to define the difference 
f{Ai,Bi) — f{A 2 ,B 2 ) in the case when / G and the self-adjoint operators 

Ai, A 2 , Bi, B 2 are possibly unbounded once we know that the pair {A 2 ,B 2 ) is an Sp 
perturbation of the pair {Ai,Bi), 1 < p <2. Moreover, inequality (3.6.4) also holds for 
such operators. 

Note that similar results for functions of unitary operators were obtained in [ANP3] 
as well. 


3.7. Lipschitz type estimates cannot be extended beyond p <2 

It was showed in [ANP2] and [ANP3] that there is no Lipschitz type inequality of the 
form (3.6.2) in the norm of Sp with p > 2 and in the operator norm for an arbitrary 
function / in B^ i(l^^)- In this section we give the construction of [ANP3]. 

Theorem 3.7.1. (i) There is no positive number M such that 

||/(Ai,H) - f{A2 ,B)\\ < M||/||ioo(R2)||Ai - A 2 II 

for all bounded functions f on with Fourier transform supported in [—27r,27r]^ and 
for all finite rank self-adjoint operators Ai, A 2 , B. 

(ii) Let p > 2. Then there is no positive number M such that 

WfiAuB) - f{A 2 ,B)\\s, < M||/||ioo(R 2 )||Ai - A2II5, 

for all bounded functions f on with Fourier transform supported in [—27r,27r]^ and 
for all finite rank self-adjoint operators Ai, A 2 , B. 
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Proof. Let us first prove (ii). Let {gj}i<j<N and be orthonormal systems 

in Hilbert space. Consider the rank one projections Pj and Qj defined by 

PjV = {v,gj)gj and QjV = {v,hj)hj, 1 < j < N. 

We define the self-adjoint operators Ai, A 2 , and B by 

N N N 

Hi = ^ 2 jPj, A 2 = l)Pj, and B = ^k Qk- 

j=l j=l k=l 

Then ||Hi - H2||sp = Put 

1 — cos 2 ttx 

^ 

Clearly, supp^(^ C [—2tt,2tt], ip{k) = 0 for all /c G Z such that A: / 0, (/^(O) = 1. Put 
g^k{x) = — k). Given a matrix {Tjk}i<j,k<N-, we define the function / by 


f{x,y)= Tjkg^ 2 j{x)(pk{y)- 

l<j,k<N 


It is easy to see that (p 2 j{Ai) = Pj, (p 2 j{A 2 ) = 0, (pk{B) = Qk provided 1 < j, A: < iV, 
and 

||/||l°o(k 2 ) < const max \Tjk\. 

Clearly, 

f{Ai,B)= rjkPjQk and /(H 2 ,H) = 0. 

l<j,k<N 


Note that 


{f{M,B)hk,gj) = Tjk{hk,gj), 1 <j,k < N. 

Clearly, for every unitary matrix {ujk}i<j,k<N, there exist orthonormal systems {gj}i<j<N 
and {hj}i<j<N such that {hk,gj) = Ujk- Put 


def 1 f 2TTijk\ 

u,, = ^exp^^J, 


1 < j. A: < iV. 


Obviously, is a unitary matrix. Hence, we may find vectors and 

such that {hk,gj) = ujk- Put Tjk = y/N Ujk- Then 


\\f{Al,B)\\sp = ||{|'UjA:|}l<i,A:<Af||Sp = ||{|'UiA:|}l<i,A:<Ar||s2 = 
because Tank{\ujk\}i<j^k<N = 1- So for each positive integer N we have constructed 
a function / and operators Hi, H 2 , B such that |/| < const, supp#"/ C [— 27r,27r]^, 

Pi - ^ 2 ||s, = Np and ||/(Hi,H) - /(H 2 ,H)|| 5 , = VN. It remains to observe that 
1 _i 

limAr_j.oo p = 00 for p > 2 . 

Exactly the same construction works to prove (i). It suffices to replace in the above 
construction the Sp norm with the operator norm and observe that Pi — H 2 II = 1 and 
||/Pl,H)-/P2,H)||=^/]V. ■ 

Theorem 3.7.1 implies that there is no Lipschitz type estimate in the operator norm 
and in the Sp norm with p > 2. Note that in the construction given in the proof the norms 
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of Ai — A 2 cannot get small. The following result shows that we can easily overcome 
this problem. 

Theorem 3.7.2. There exist a sequence {fn}n>o of functions in and se¬ 
quences of self-adjoint finite rank operators and such 

that the norms ||/n||Ri do not depend on n, 

00,1 

lim 0, but ||/n(^i, 5) -/„(yl 2 , S)|| 00 . 

n—>-oo " " 

The same is true in the norm of Sp for p > 2. 

Proof. The existence of such sequences can be obtained easily from the construction 
in the proof of Theorem 3.7.1. It suffices to make the following observation. Let /, Ai, 

A 2 and B be as in the proof of Theorem 3.7.1 and let e > 0. Put f^{x^y) e/(f; f)- 

Then 

ll/ellsi = II/IIri, > \\fe{eAi,eB)-f^{eA 2 ,eB)\\=eN^/‘^, and ||eyli - eyl2|| = £• 

ool ool 

If p > 2, then 

\\fe{eAi,£B) - fe{£A 2 ,£B)\\s^ = and \\eAi - £A2\\sp = ■ ■ 

Remark. The construction given in the proof of Theorem 3.7.1 shows that for every 
positive number M there exist a function / on whose Fourier transform is supported 
in [—27r,27r]^ such that ||/|| ^00 < const and self-adjoint operators of finite rank yli, 

A 2 , B such that ||yli — yl 2 || = 1, but ||/(yli,i?) — /(yl 2 ,.B)|| > M. It follows that unlike 
in the case of commuting self-adjoint operators (see [APPS]), the fact that / is a Holder 
function of order a E (0,1) on does not imply the Holder type estimate 

\\f{Ai,Bi) - /(A 2 ,H 2 )|| < constmax{||Ai - A 2 II", ||Hi - H 2 II"}. 


3.8. Counterexamples 


We use the results of the previous section to show that statements (i) and (ii) of 
Theorem 3.3.3 do not hold for p G [1,2). We also deduce from the results of § 3.7 that 
the divided differences and do not have to belong to the Haagerup tensor 

product L°° for an arbitrary function / in The results of this 

sections were obtained in [API], [AP2] and [AP3]. 


Theorem 3.8.1. Let 1 < p <2. There exist an operator Q in Sp, spectral measures 
El, E 2 and E^ on Borel subsets o/M and a function in the Haagerup tensor product 
L°°{Ei)®i,L°°{E 2 )®i,L°°{E^) and an operator Q in Sp such that 


^{xi,X2,X2) dEi{xi) dE2{x2)Q dEsixs) 0 Sp. 
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Proof. Assume the contrary. Then the linear operator 


Q 


^{xi,X2,X2) dEi{xi) dE2{x2)Q dE3{x3) 


is bounded on Sp for arbitrary Bor el spectral measures Ei, E 2 , and E 3 and for an 
arbitrary function in Suppose now that T belongs to 

the Haagerup-like tensor product L°°{Ei)iSihL°°{E 2 )'Si^L^^iEs) of the first kind. For a 
finite rank operator T consider the triple operator integral 


W = 


^(xi,X2,X3) dEi(xi)T dE2(x2) dE3(x3). 


We define the function defined by 

d>(x2,X3,Xi) = T(xi,X2,X3). 

Let Q G Sp. We have 


trace(fTQ) = trace 


T(xi,X2,X3) dE2{x2) dE3{x3)Q dEi{xi) 



= trace 


$(x2,X3,Xi) dE2{x2) dE3{x3)Q dEi{xi) 



(see the definition of triple operator integrals with integrands in the Haagerup-like tensor 
product of the first kind in § 3.4). 

Thus 


tva.ce{WQ)\ 


trace 


4>(x2,X3,xi) dE2{x2) dE3{x3)Q dEi{xi) 



< 



4 >(x 2 ,X 3 ,xi) dE2{x2) dE3{x3)Q dEi{xi) 


ITI 


(throughout the proof of this theorem in the case p = 1, the norm in Sp/ has to be 
replaced with the operator norm). 

It follows that 




T(xi,X2,X3) dEi{xi)TdE2{x2) ^£^3(3^3) 


^ ■ (3.8.1) 

By Theorem 3.5.3, G L°°L°° for every / in i(I^^) and by (3.6.2), 
fiAuB)-f{A2,B) 


= jj (Df^'/)(xi,X2,2/)(i£Ai(a:i)(Ai- 


A2) dEA 2 (X2) dEsiy) 
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for arbitrary finite rank self-adjoint operators Ai, A 2 , and B. it remains to observe that 
by inequality (3.8.1), 

< const ll/lls^ J|yli - A 2 \\s^, 

which contradicts Theorem 3.7.2. ■ 

If we pass to the adjoint operator, we can see that for p G [1, 2), there exist a function 
'k in the Haagerup tensor product L°°(8)hT°°(8)hT°° and an operator Q in Sp such that 

^{xi,X 2 .,X 2 ) dEi{xi)Q dE 2 {x 2 ) dE^{x^) 0 Sp. 

The following application of Theorem 3.7.2 shows that for functions / in B^^ 
the divided differences and ID[^5/ do not have to belong to the Haagerup tensor 

product L°°(8)hT°°(8)h7v°°. We state the result for 

Theorem 3.8.2. There exists a function f in the Besov class B^^ such that the 

divided difference D^^^f does not belong to L°°(8)hT°°<8)h7/°°. 

Proof. Assume the contrary. Then the map 

is a bounded linear operator from to L°°(8)hT°°(8)hT°°. 

By (3.6.2), 

fiA,,B)-f{A2,B) 

(DW/)(xi,X2,y) dEAi{xi){Ai - A 2 ) dEA2{x2) dEsiy) 

for arbitrary finite rank self-adjoint operators Ai, A 2 , and B. It follows now from 
inequality (3.2.7) that 

||/(Ai,H)-/(A 2 ,H)|| < < const ||/||b^ J|Ai-A 2 || 

which contradicts Theorem 3.7.2. ■ 

3.9. Functions of almost commuting operators, an extension of the 

Helton-Howe trace formula 

Operators A and B are called almost commuting if the commutator 

[A, B] AB - BA 

belongs to S^i. In [HH] the following trace formula was discovered: 

W (i[(v,(A,B),V.(AB)]) = T - l^g) g {., y ) dxdy , (3.9.1) 

63 






where A and B are almost commuting self-adjoint operators, (p and V’ are polynomials 
and g is the Pincus principal function which is uniquely determined by A and B and 
which was introduced in [Pin]. 

The problem considered in [Pe5] was to extend the Helton-Howe trace formula for a 
reasonably big class of functions. It was shown in [Pe5] that under natural assumptions 
it is impossible to extend formula (3.9.1) to the class of all continuously differentiable 
functions. On the other hand, a sufficiently big class of functions C was such that formula 
(3.9.1) holds for all functions p and ^ vuC. 

In the paper [AP9] it was proved that formula (3.9.1) admits an extension to arbitrary 
functions p and if) in the Besov class B^^ i(I^^) which considerably improved the sufficient 
condition p, il) £ C found in [Pe5]. The main tools used in [AP9] are Haagerup-like tensor 
products and triple operator integrals. 

The following results were obtained in [AP9]. 

Theorem 3.9.1. Let A and B be self-adjoint operators and let Q be a bounded linear 
operator sueh that [A^Q] G and [B,Q\ G Si. Suppose that p G Then 

[p{A,B),Q]^Si, 

[p{A,B),Q] = JJj T{xi,yJ^-p{x2,y) dEA{x2) dEB{y) 

+ \[[ -^(^^^ 2 ) dEA{x)dEB{yi)[B,Q] dEB{y2) 

Jjj yi-y2 

and 

\\[p{A,B),Q] 11^^ < const (||[A, Q]+ ||[B,Q]||gJ. 

If we apply Theorem 3.9.1 to the operator Q = 'iIj(A,B), we obtain the following 
result: 

Theorem 3.9.2. Let A and B be almost commuting self-adjoint operators and let p 
and be functions in the Besov class B^ i(lK^)- Then 

[p{A,B),if{A,B)\ = IIj Tixi,yj^-Pix2,y) dEA{x2) dEsiy) 

+ \[[ ^ 1 ) - ^ 2 ) dEB{yi)[B, if {A, B)] dEB (j/ 2 ) 

JJJ yi — 2/2 

and 

\\[p{A,B),f;{A,B)] 11^^ < const ||v9||b^^^(r2)||V’||b^^^(ir2 )||[A,5]||_^^. 

Theorem 3.9.2 allows us to extend the Helton-Howe trace formula to functions in the 
Besov class H^^^(M^). 

Theorem 3.9.3. Let A and B be almost commuting self-adjoint operators and let p 
and be functions in the Besov class B^^ i(I^^)- Then the following formula holds: 

tr^Pi[(y(A,B).4,(A,B)]) = T <,(x, 9 )<ixdy. 
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where g is the Pincus principal function associated with the operators A and B. 


We refer the reader to [AP9] for more detail. 
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